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Preface 

"... the spirit of mathematics ... is active rather than contemplative - a spirit of 

disciplined search for adventures of the intellect."         - Alfred Adler (1984:7) 

To the author also, mathematics is an exciting never-ending adventure, always full of lovely 

and beautiful surprises. It is like wandering in an uncharted jungle where one never knows 

what sparkling brooks, cascading waterfalls, exotic plants and strange animals may lurk just 

around the next corner. If one is prepared to keep an open mind, asking questions and 

continually exploring, mathematics provides an inexhaustible source of inspiration and 

stimulation; there is always something new to discover, or at the very least, new ways of 

looking at old results. Of course, like in any jungle, there is also danger in various forms, and 

one has to constantly guard in one's explorations against false conclusions and conjectures. 

Unfortunately many people seem to regard mathematics in general as a boring, dead subject 

with nothing new to discover. In particular with regard to geometry, they believe that the old 

Greeks and other ancient civilizations have already discovered all there is to discover in 

geometry about 2000 years ago. This is however not the case; many interesting and beautiful 

geometric results have been discovered during the past 300 years. Apart from dealing with 

some such examples like the Euler line, the theorems of Ceva, Napoleon, Morley, Miquel, 

Varignon, etc., this book will also present some generalizations of these, and other results 

which, as far as the author knows, are original and have not been published elsewhere before. 

Extensive attention is also given to the classification of the quadrilaterals from the symmetry 

of a side-angle duality. 

This book does not follow a traditional mathematics textbook approach by starting from 

carefully defined axioms and definitions, and monotonously churning out one after the other, 

Theorem 1, Theorem 2, etc. Instead, this book attempts to actively involve the reader in the 

heuristic processes of conjecturing, discovering, formulating, classifying, defining, refuting, 

proving, etc. Mathematics is not a spectator, but a participator discipline; one simply cannot 

sit on the sideline and watch other's play; one must get involved to appreciate and enjoy it. 

The reader should therefore preferably always have paper and pencil handy. It should also be 

noted that later chapters build on the preceding exercises; so it is advisable to work through 

the chapters and exercises in sequence.  

Exploration on computer by construction and measurement with Sketchpad, or other dynamic 

geometry programs like Cabri, Cinderella, etc., is strongly encouraged throughout, although 

not essential. Deductive proof is furthermore not presented here only as a means of 

verification, but also as a means of explanation, further discovery and systematization.  



It is further assumed that the reader is at least acquainted with high school geometry and 

trigonometry (e.g. congruency, similarity, circles, concurrency, sine & cosine rules, etc.) 

Some of the exercises would however be accessible to junior secondary students as well. 

Some references for further background reading are provided in the bibliography. Most of the 

content comes out of the author's on-and-off explorations and experiences in geometry over 

the past fifteen years or so. The book starts in the style of Lakatos' Proofs and Refutations 

with the fictional dramatization of an actual classroom episode some years back. The reader 

is then led through various explorations and extensions of high school geometry. The book is 

therefore aimed mainly at gifted high school pupils, secondary mathematics teachers who are 

looking for enrichment material and the undergraduate training of prospective mathematics 

teachers. 

Note 

Although a list of quadrilateral definitions are provided at the back for referencing purposes, 

it is expected of readers to formulate their own definitions for the various quadrilaterals as 

they go along, and to keep and update their own lists. 
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16                                                  ADVENTURES IN GEOMETRY 

given conditions by first constructing two perpendicular diagonals, then placing a compass at 

O to chop off equal distances on the one diagonal and connecting the endpoints as shown in 

Figure 16. In addition, we can show that the other properties of a kite can be logically 

deduced from the given conditions. For example, in Figure 16 triangles AOB and AOD are 

clearly congruent s,!, s( )  and therefore AB=AD. In the same way it can be shown that 

CB=CD. 

 

                                Figure 15                                                          Figure 16 

 

Definitions may also be deficient in other respects than the two aspects mentioned earlier.  

Critically evaluate each of the definitions for a kite below (that is, say where the mistake 

lies): 

(a) The kites are the set of quadrilaterals with equal diagonals. 

(b) The kites are the set of quadrilaterals that are shaped like a kite. 

(c) The kites are the set of quadrilaterals with adjacent sides equal. 

 

The first one contains an incorrect property since kites in general do not have equal 

diagonals. The second one is circular; it is unacceptable to define an object in terms of itself 

as it does not explain what that object is. The last one is ambiguous (confusing) since a 

quadrilateral has four pairs of adjacent sides and if all pairs of adjacent sides are equal we 

would have all sides equal, i.e. a rhombus. 

 

Different definitions of the same concept often differ with respect to the proofs required to 

deduce the other properties not contained in the definition. For example, one definition of a 

concept may be considered more economical than another if the former gives rise to simpler 

proofs of the other properties. Compare the following three definitions for kites by deducing 

the other properties from it: 

(a) A kite is a quadrilateral with two pairs of adjacent sides equal. 

(b) A kite is a quadrilateral with one pair of opposite angles bisected by a diagonal. 

(c) A kite is a quadrilateral with one diagonal a line of symmetry. 

 

In the first one we can as before prove triangles ABC and ADC congruent s, s, s( ) ;  therefore 

! 

"B ="D and diagonal AC bisects the opposite angles A and C (Figure 17a). If we connect B 







































































































  DUALITY                                                                  67 

A

CB

P

 

24. (a) Prove that if P is any arbitrary point on the incircle of an equilateral !ABC, then 

  PA
2

+ PB
2

+ PC
2

 is a constant (see above). 

 (b) Formulate a dual for the result in (a) and investigate whether it is true or not. 

25. (a) Can you generalize the two dual results given in Figures 54 and 55? 

 (b) Can you find analogous results related to triangles for the two dual results given 

for the quadrilaterals in Figures 54 and 55? 

26. Can you formulate a dual to the generalized Fermat-Torricelli point discussed in 

Solutions 3, No. 1? If so, investigate whether it is true or not. 
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Summary: quadrilateral definitions 

(See classifications and duals on pp. 154-155) 

Angle bisecting quad - any quadrilateral with at least one of its angles bisected by a diagonal. 

Angle quad - any quadrilateral with at least one pair of equal opposite angles. 

Bi-diagonal quad - any quadrilateral ABCD with diagonals AC and BD intersecting at O so 

that at least two adjacent line segments of the four line segments AO, OB, OC and 

OD are equal. 

Bisecting quad - any quadrilateral with at least one of its diagonals bisected by the other. 

Circum side quad - any side quad circumscribed around a circle. 

Circum quad - any quadrilateral circumscribed around a circle. 

Concave quad - any quadrilateral with one diagonal falling outside the figure. 

Convex quad - any quadrilateral with no diagonal falling outside the figure. 

Crossed quad - any quadrilateral with both diagonals falling outside the figure. 

Cyclic angle quad - any angle quad inscribed in a circle. 

Cyclic quad - any quadrilateral inscribed in a circle. 

Diagonal quad - any quadrilateral with equal diagonals. 

Isosceles circum trapezium - any isosceles trapezium circumscribed around a circle. 

Isosceles trapezium - any quadrilateral with at least one axis of symmetry through a pair of 

opposite sides. 

Kite - any quadrilateral with at least one axis of symmetry through a pair of opposite angles. 

Parallelogram - any quadrilateral with both pairs of opposite sides parallel. 

Perpendicular quad - any quadrilateral with perpendicular diagonals. 

Rectangle - any quadrilateral with axes of symmetry through each pair of opposite sides. 

Rhombus - any quadrilateral with axes of symmetry through each pair of opposite angles. 

Right kite - any kite inscribed in a circle. 
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Right quad - equivalent to cyclic angle quad (see above). 

Side quad - any quadrilateral with at least one pair of equal opposite sides. 

Skew bisecting quad - any bisecting quad with at least one pair of equal adjacent angles. 

Skew circum quad - any skew isosceles quad circumscribed around a circle.  

Skew cyclic quad - any skew kite inscribed in a circle.  

Skew isosceles quad - any quadrilateral with at least one pair of equal adjacent angles. 

Skew kite - any quadrilateral with at least one pair of equal adjacent sides. 

Skew trapezium - any trapezium with at least one pair of equal adjacent sides.  

Square - any rhombus with a right angle. 

Trapezium - any quadrilateral with at least one pair of opposite sides parallel. 

Triangular kite - any kite with at least three equal angles. 

Trilateral trapezium - any isosceles trapezium with at least three equal sides. 



Glossary 

(ABC). Area of ∆ABC. 

affinity. A transformation which preserves the parallelism of corresponding lines. 

altitude of a triangle. Line segment from a vertex perpendicular to an opposite side (or its 

extension). 

angle bisector. Locus of points equidistant from the rays (sides) of an angle. 

centroid of a triangle. Point of intersection of its medians. 

cevian. A line segment joining a vertex of a triangle to a point on the opposite side (or on its 

extension). 

circumcentre of a cyclic polygon. Centre of its circumscribed circle (point equidistant from 

its vertices, ie. point of concurrency of the perpendicular bisectors of its sides). 

circumcircle of a polygon. Circle circumscribed around a polygon; ie. through its vertices. 

circum polygon. A polygon whose sides are tangent to a circle. 

collinear. Lie in a straight line. 

concurrent. Meet in the same point. 

cyclic polygon. A polygon whose vertices lie on a circle. 

directly similar. Two figures are directly similar if the similarity transformation which maps 

the one on to the other preserves angles in both magnitude and direction. 

duality. The mathematical principle that all theorems relating to certain concepts have 

corresponding dual theorems by substituting these concepts by their dual concepts.   

enlargement. A transformation where all distances are multiplied by the same scale factor k, 

ie. is a similarity. 

half-turn. A rotation by 180˚. 

ideal line. The line in the projective plane on which the vanishing points of pairs of parallel 

lines lie. 

incentre of a circum polygon. Centre of its inscribed circle (point equidistant from its sides, 

ie. point of concurrency of its angle bisectors). 
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incircle of a polygon. Circle inscribed in a polygon so that its sides are tangent to it. 

isometry. A length-preserving transformation; ie. preserves congruency. 

isosceles 2n-gon. A 2n-gon with an axis of symmetry through one pair of opposite sides. 

kite 2n-gon. A 2n-gon with an axis of symmetry through one pair of opposite angles. 

lemma. A theorem in support of a more major theorem. 

orthocenter of  a triangle. Point of intersection of altitudes. 

perpendicular bisector. Locus of points equidistant from endpoints (vertices) of line segment 

(side). 

prism. A solid with two parallel congruent polygons as opposite faces with edges joining 

corresponding vertices so that the remaining faces are parallelograms. 

projective plane. Euclidean plane plus one ideal line. 

rotation. An isometry consisting of turning a figure about a fixed point in the plane. 

shear. An affinity (affine transformation) which preserves area. 

similarity. A transformation that preserves ratios of distances; ie. shapes of figures. 

spiral similarity. The sum of a rotation and an enlargement, or vice versa. 

sum (or product) of two transformations. The result of applying the first transformation and 

then the second. 

transformation (of the plane). A mapping of the plane onto itself such that every point P is 

mapped into a unique image P'. 

translation. A transformation such that the directed segments joining points to their images 

all have the same length and direction. 

vanishing point. The ideal point in the projective plane where two parallel lines meet. 

2n-gon. A polygon with an even number of vertices, eg. quadrilateral (n=2), hexagon (n=3), 

etc.  

(2n-1)-gon. A polygon with an odd number of vertices, eg. triangle (n=2), pentagon (n=3), 

etc. 
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