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Abstract
Consensus clustering, a fundamental task in machine learning and data analysis, aims to aggregate
multiple input clusterings of a dataset, potentially based on different non-sensitive attributes, into
a single clustering that best represents the collective structure of the data. In this work, we study
this fundamental problem through the lens of fair clustering, as introduced by Chierichetti et al.
[NeurIPS’17], which incorporates the disparate impact doctrine to ensure proportional representa-
tion of each protected group in the dataset within every cluster. Our objective is to find a consensus
clustering that is not only representative but also fair with respect to specific protected attributes.
To the best of our knowledge, we are the first to address this problem and provide a constant-factor
approximation.

As part of our investigation, we examine how to minimally modify an existing clustering to
enforce fairness – an essential postprocessing step in many clustering applications that require
fair representation. We develop an optimal algorithm for datasets with equal group representation
and near-linear time constant factor approximation algorithms for more general scenarios with
different proportions of two group sizes. We complement our approximation result by showing
that the problem is NP-hard for two unequal-sized groups. Given the fundamental nature of this
problem, we believe our results on Closest Fair Clustering could have broader implications for
other clustering problems, particularly those for which no prior approximation guarantees exist for
their fair variants.
Keywords: Fairness, Consensus Clustering, Closest Fair Clustering, Approximation Algorithms.

1. Introduction

Machine learning plays a crucial role in modern decision-making processes, including recommenda-
tion systems, economic opportunities such as loan approvals, and recidivism prediction, e.g. Klein-
berg et al. (2016, 2018). However, these machine learning-driven processes risk being biased against
marginalized communities based on sensitive attributes, such as gender or race Kay et al. (2015);
Bolukbasi et al. (2016), due to biases inherent in the training data. This highlights the need to
study and design fair algorithms to address disparities resulting from historical marginalization. In
recent years, there has been significant literature on algorithmic fairness, focusing on achieving
demographic parity Dwork et al. (2012) or equal opportunity Hardt et al. (2016).
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Clustering is a foundational unsupervised learning task that involves partitioning a set of data
points in a metric space into clusters, with the goal of minimizing certain objective functions specific
to the application. Each data point can be viewed as an individual with certain protected attributes,
which can be represented by assigning a color to each point. Chierichetti et al. (2017) pioneered the
concept of fair clustering, where each point in the dataset is colored either red or blue. The goal was
to partition the data while maintaining balance in each cluster – the ratio of blue to red points in each
cluster reflects the overall ratio in the entire set. This balance is important for addressing disparate
impact and ensuring fair representation. Since it was introduced, different variants of fair clustering
have been studied, including k-center/median/means clustering Chierichetti et al. (2017); Huang
et al. (2019), scalable clustering Backurs et al. (2019), proportional clustering Chen et al. (2019),
overlapping multiple groups Bera et al. (2019), group-oblivious models Esmaeili et al. (2020), cor-
relation clustering Ahmadian et al. (2020); Ahmadi et al. (2020); Ahmadian and Negahbani (2023)
and 1-clustering over rankings Wei et al. (2022); Chakraborty et al. (2022), among others.

In this paper, we consider consensus clustering, a fundamental problem in machine learning
and data analysis, and initiate its study under fairness constraints. Given a set of clusterings over a
dataset, potentially based on different non-sensitive attributes, the goal of consensus clustering is to
aggregate them into a single clustering that best represents the collective structure of the data while
minimizing a specified objective function. The choice of objective functions varies depending on
the context, with two of the most common being the median objective that minimizes the sum of dis-
tances, and the center objective that minimizes the maximum distance. Here, the distance between
two clusterings is measured by counting the pairs of points that are grouped together in one cluster-
ing but not in the other (see Section 2 for a formal definition). The consensus clustering problem
has a myriad of applications in different domains, such as gene integration in bioinformatics Filkov
and Skiena (2004b,a), data mining Topchy et al. (2003), community detection Lancichinetti and
Fortunato (2012). The problem (both respect to median and center objective) is not only known to
be NP-hard Křivánek and Morávek (1986); Swamy (2004), but also known to be APX-hard, i.e., un-
likely to possess any (1+ϵ)-approximation (for any ϵ > 0) algorithm even when there are only three
input clusterings Bonizzoni et al. (2008). While several heuristics have been considered to generate
reasonable solutions (e.g., Goder and Filkov (2008); Monti et al. (2003); Wu et al. (2014)), so far,
we only know of an 11/7-approximation algorithm for the median objective Ailon et al. (2008), and
a better than 2-approximation for the center objective Das and Kumar (2025).

Unfortunately, the consensus algorithms mentioned above do not account for fairness in clus-
tering. For example, take the task of detecting community structures within a social network. There
may be various valid partitions available based on users’ non-sensitive attributes, such as age group
or food preferences. However, when creating an overall community partition, it is important for
each community to be fair, meaning each group should be fairly represented according to specific
protected attributes like race or gender. Specifically, we refer to the concept of fair clustering as
introduced by Chierichetti et al. (2017), where a clustering of red-blue points is deemed fair if each
cluster individually reflects the population ratio of red and blue points. It raises a key computational
question: given a set of clusterings, how can we derive a fair clustering that effectively aggregates
the input clusterings? To our knowledge, the current work is the first to investigate this computa-
tional fair aggregation challenge.

En route, we consider another innate, perhaps even more fundamental, computational question
concerning fairness in clustering – to transform an arbitrary clustering into its nearest fair clustering.
This question is intriguing on its own merit. We might have an effective clustering algorithm for
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specific tasks, but due to potential biases in the training data, the result might not be fair, even if
it is a good clustering of the input. In such cases, we seek to achieve a fair clustering by making
minimal changes to the output clusters. This type of postprocessing is evidently essential in most
clustering applications because it is imperative to ensure fairness among the clusters produced. In
many scenarios, clustering algorithms can inadvertently result in biased groupings that do not ade-
quately represent all protected classes or groups within the dataset. Such skewed representations can
lead to unfair treatment or outcomes, particularly when the clusters are used for decision-making
or analytical purposes. Therefore, to prevent these biases and promote equity, it is necessary to
apply postprocessing techniques that adjust the clusters to reflect a fair distribution of the protected
attributes. This ensures that each group is proportionately represented and that the clustering re-
sults do not inadvertently favor one group over another, thereby upholding principles of fairness
and non-discrimination in the analysis. Similar fairness-related questions have been examined in
other contexts, such as ranking candidates Celis et al. (2018); Chakraborty et al. (2022); Kliachkin
et al. (2024). Surprisingly, this computational task has not garnered significant attention within the
broader clustering literature. In this study, we also address this fundamental question of fair cluster-
ing. As we will demonstrate later, this question is closely linked to the challenge of creating a fair
consensus.

1.1. Our Contribution

Closest Fair Clustering We begin by introducing the study of Closest Fair Clustering – the prob-
lem of modifying an arbitrary input clustering to achieve fairness with the minimal number of
changes. The input dataset consists of points having a color, either red or blue. Starting with an
arbitrary clustering of this colored data set, the goal is to identify the nearest/closest fair clustering.
First, we study the case where the two colored subsets are of equal size and propose an optimal
algorithm for finding the closest fair clustering in this setting.

Theorem 1 There is an algorithm that, given a clustering over a set of n red-blue colored points
with an equal number of red and blue points, outputs a closest Fair clustering in O(n log n) time.

Next, we explore a more general scenario where the data set is not perfectly balanced; specifi-
cally, the ratio of blue to red points is an arbitrary constant. Due to the symmetry between blue and
red points, we assume, without loss of generality, that this ratio is at least one throughout this paper.
It is important to note that fair versions of various clustering problems turn out to be NP-hard for
such arbitrary ratios, particularly when the ratio exceeds a certain (small) constant greater than one,
as demonstrated in Chierichetti et al. (2017). However, that does not imply that the closest fair clus-
tering problem is also NP-hard. We show that the closest fair clustering problem is NP-hard even
for any integral ratio strictly greater than one (see the full version1). We establish the NP-hardness
result by providing a reduction from the 3-Partition problem.

Next, we design a near-linear time algorithm that provides a constant-factor approximation for
the closest fair clustering problem for arbitrary integral ratios. We refer to α-approximation as
α-close, for α ≥ 1 (see Section 2 for a formal definition).

Theorem 2 Consider an integer p > 1. There is an algorithm that, given a clustering over a set
of n red-blue colored points where the ratio between the total number of blue and red points is p,
outputs a 17-close Fair clustering in time O(n log n).

1. The full version of this paper is available at https://arxiv.org/abs/2506.08673.
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To demonstrate the aforementioned result, we employ a two-stage approach. In the first step,
we ensure that each input cluster becomes balanced – the size of the blue subpart in each cluster
is a multiple of p. We develop a 3.5-approximation algorithm for this purpose. Subsequently, we
introduce an approximation algorithm that transforms any balanced clustering into a fair clustering
that is approximately close, more specifically, 3-close. By integrating these two steps, we achieve a
17-approximation guarantee, as stated in the theorem above.

The closest fair clustering problem becomes even more complex when the population ratio
between blue and red points is fractional (represented as p/q for two coprime numbers p and q). It
is worth remarking that the closest fair clustering problem is NP-hard for any arbitrary ratio strictly
greater than one. To design an approximation algorithm, we apply the previously mentioned two-
stage approach again. Since the second step is effective regardless of whether the ratio is integral
or fractional, we can utilize it unchanged. Our attention must now shift to the initial balancing step,
where we need to ensure that the blue subpart of each cluster is a multiple of p and the red subpart
is a multiple of q.

A straightforward approach to achieve balancing is to apply the balancing step for the integral
ratio case twice sequentially: first, to make blue subparts a multiple of p and then to make red
subparts a multiple of q. We can then argue that an α-approximation balancing algorithm for the
integral case results in a (α2 + 2α)-approximate balancing algorithm for the fractional case. This
yields a 19.25-approximation just for the balancing step, given that our integral balancing achieves
a 3.5-approximation. Therefore, combining both the balancing and the process of achieving a fair
clustering from a balance clustering results in an 80-approximation factor for the closest fair clus-
tering.

However, we propose a more sophisticated balancing algorithm and, through an intricate analy-
sis, manage to avoid the squared increase in the approximation factor, achieving an approximation
factor of only 7.5. Finally, by combining both stages, we develop a 33-approximation algorithm,
significantly improving upon the naive bound of an 80-approximation.

Theorem 3 Consider two integers p, q > 1. There is an algorithm that, given a clustering over a
set of n red-blue colored points where the ratio between the total number of blue and red points is
p/q, outputs a 33-close Fair clustering in time O(n log n).

Closest Fair Clustering using Fair Correlation Clustering. It is worth emphasizing the connec-
tion between the closest fair clustering and the fair correlation clustering. In correlation clustering,
we are given a labeled complete graph where each edge is labeled either + or −. The cost of a
clustering (of the nodes) is defined as the summation of the number of intercluster + edges and
the intracluster − edges. The fair correlation clustering problem asks to find a fair clustering with
minimum cost. It is easy to observe that given a clustering (on n points), we can find its closest
fair clustering by solving the fair correlation clustering problem on the following instance: Create
a complete graph on n nodes, where an (undirected) edge (u, v) is labeled + if both u, v belong to
the same cluster in the input clustering; otherwise it is labeled −.

Due to the above reduction, by deploying the current state-of-the-art approximation algorithms
for the fair correlation clustering, we immediately get approximation algorithms for the closest fair
clustering problem; however, this leads to a much worse approximation factor. The correlation
clustering problem (even on complete graphs) is already NP-hard (in fact, APX-hard), and its fair
variant remains NP-hard even when the blue-to-red ratio is one Ahmadi et al. (2020). In contrast, we
provide an exact algorithm for the closest fair clustering problem when the ratio is one (Theorem 1).
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Thus, we, in fact, get a separation between these two problems – the closest fair clustering problem
and the fair correlation clustering problem – for the ratio of one. If we had used the state-of-the-art
fair correlation clustering algorithm Ahmadian et al. (2020); Ahmadi et al. (2020), we would have
only obtained an O(1) approximation factor for the closest fair clustering problem in this case.

For arbitrary ratios, even when the ratio is an integer p, the state-of-the-art fair correlation clus-
tering algorithms Ahmadian et al. (2020); Ahmadi et al. (2020) give us an approximation factor of
O(p2). In contrast, we get an approximation factor of 17 (Theorem 2) for the closest fair clustering
problem. Note that the approximation factor obtained by our algorithm is entirely independent of
the blue-to-red ratio (i.e., independent of p). Further, due to the hidden constant of O(·) notation in
the approximation factor of the algorithms of the fair correlation clustering Ahmadian et al. (2020);
Ahmadi et al. (2020), the implied approximation bound is a much larger constant even for p = 2
compared to our algorithm.

Fair Consensus Clustering Next, we focus on the challenge of combining multiple input clus-
terings into a single clustering while ensuring fairness in the resulting output. We address this
fair consensus clustering problem under a generalized aggregation objective function, known as the
generalized mean objective or simply the ℓ-mean objective2. This generalized mean objective en-
compasses a variety of classical optimization objectives, ranging from the median when ℓ = 1 to
the center when ℓ = ∞, and it has attracted considerable interest in the broader clustering litera-
ture Chlamtác et al. (2022). The consensus clustering problem, even without fairness constraints, is
APX-hard Bonizzoni et al. (2008). When incorporating fairness constraints, the problem becomes
only harder, making it inevitable to incur a constant (multiplicative) approximation factor.

We introduce a generic approximation algorithm for fair consensus clustering by leveraging
the solution to the closest fair clustering as a foundational element. Notably, our approach to fair
consensus clustering is effective regardless of the parameter ℓ in the generalized mean objective. As
a result, it is applicable to both the median objective (when ℓ = 1) and the center objective (when
ℓ = ∞), as well as other more generalized objectives within this spectrum.

Using the result of Theorem 1 together with our generic fair consensus approximation algo-
rithm, we achieve a 3-approximation to the fair consensus clustering for the case when the whole
population is perfectly balanced.

Theorem 4 Consider any ℓ ≥ 1. There is an algorithm that, given a set of m clusterings each
over a set of n red-blue colored points with an equal number of red and blue points, outputs a
3-approximate ℓ-mean fair consensus clustering in time O(m2n2).

Next, by applying the result from Theorem 2 in conjunction with our general fair consensus
approximation algorithm, we attain a 19-approximation for fair consensus clustering in scenarios
where the entire population has an integral ratio of blue to red points.

Theorem 5 Consider any ℓ ≥ 1 and an integer p > 1. There is an algorithm that, given a set
of m clusterings each over a set of n red-blue colored points where the ratio between the total
number of blue and red points is p, outputs a 19-approximate ℓ-mean fair consensus clustering in
time O(m2n2).

2. In the existing literature, this exponent parameter is usually referred to as q, but we use ℓ here to avoid potential
confusion with the parameters representing the blue-to-red group size ratio.
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Finally, by utilizing the result from Theorem 3 along with our general fair consensus approxi-
mation algorithm, we obtain a 35-approximation for fair consensus clustering when the entire pop-
ulation exhibits an arbitrary fractional ratio of blue to red points.

Theorem 6 Consider any ℓ ≥ 1 and two integers p, q > 1. There is an algorithm that, given a
set of m clusterings each over a set of n red-blue colored points where the ratio between the total
number of blue and red points is p/q, outputs a 35-approximate ℓ-mean fair consensus clustering
in time O(m2n2).

We summarize our main results below.

Clustering Problem Perfectly Balanced (1 : 1) Integral Ratio (p : 1) Fractional Ratio (p : q)
Closet Fair Optimal (Theorem 1) 17-approx. (Theorem 2) 33-approx. (Theorem 3)

Fair Consensus 3-approx. (Theorem 4) 19-approx. (Theorem 5) 35-approx. (Theorem 6)

Table 1: Table summarizing main results

2. Preliminaries

Notations. In this paper, we consider clusterings over a set V of red-blue colored points. We use
n to denote the size of V . Throughout this paper, we consider the points in V are colored either red
or blue. For any subset of points S ⊆ V , we use red (S) (resp. blue(S)) to denote the subset of
all red (resp. blue) points in S. Further, without loss of generality, we assume that the number of
blue points in the whole set V is at least that of red points, i.e., |blue(V )| ≥ |red (V ) |. For positive
integers a, b, p, we use a

p
≡ b to denote that a is congruent to b under modulo p.

Consensus clustering. Between two clusterings M, C, we define their distance, denoted by
dist(M, C), to be the number of unordered pairs i, j ∈ V that are clustered together by one but
separated by another. The consensus clustering problem asks to aggregate a set of clustering over
the points V . In this paper, we consider consensus clustering with respect to a generalized objective
function.

Definition 7 (Generalized Mean Consensus Clustering) Consider an exponent parameter ℓ ∈ R.
Given a set of m clusterings D1,D2, · · · ,Dm over a point set V , the ℓ-mean Consensus Clustering
problem asks to find a clustering C (not necessarily from the set of input clusterings) over V that

minimizes the objective function
(∑m

i=1 (dist(Di, C))ℓ
)1/ℓ

.

The generalized mean objective is well-studied in the clustering literature Chlamtác et al. (2022).
In the context of consensus clustering, for ℓ = 1, the above problem (note, the objective is now
the sum of distances) is referred to as the median consensus clustering Ailon et al. (2008), and
for q = ∞, the above problem (note, the objective is now the maximum distance) is the center
consensus clustering Das and Kumar (2025).
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Fair clustering.

Definition 8 (Fair clustering) Consider a clustering F = {F1, F2, . . . , Fζ} on a set of red-blue
colored points where the ratio between the number of blue and red points is p/q, for two integers
p, q ≥ 1. F is called a Fair clustering if for every cluster Fi ∈ F , the ratio between the number of
blue and red points |blue(Fi)|/|red (Fi) | = p/q.

Next, we define the closest fair clustering.

Definition 9 (Closest Fair clustering) Given a clustering D = {D1, D2, . . . , Dϕ}, a cluster-
ing F∗ = {F ∗

1 , F
∗
2 , . . . , F

∗
ι } is called its closest Fair clustering if for all Fair clustering F ,

dist(D,F∗) ≤ dist(D,F).

Let F∗ be an (arbitrary) closest Fair clustering. Then, we use OPTfair(or simply OPT when it
is clear from the context) to denote dist(D,F∗). For any α ≥ 1, a clustering F is called an α-close
Fair clustering if dist(D,F) ≤ α · dist(D,F∗).

In this paper, we focus on the fair consensus clustering problem.

Definition 10 (Generalized Mean Fair Consensus Clustering) Consider an exponent parameter
ℓ ∈ R. Given a set of m clusterings D1,D2, · · · ,Dm over a point set V , the ℓ-mean Fair Con-
sensus Clustering problem asks to find a Fair clustering F (not necessarily from the set of input

clusterings) over V that minimizes the objective function
(∑m

i=1 (dist(Di,F))ℓ
)1/ℓ

.

Balanced clustering. One of the intermediate steps we use in making an input clustering fair is
first to make it balanced and then convert a balanced clustering to a fair one.

Definition 11 (Balanced clustering) Consider a clustering Q = {Q1, Q2, . . . , Qψ} on a set of
red-blue colored points where the irreducible3 ratio between the number of blue and red points is
p/q, for two integers p, q ≥ 1. Q is called a Balanced clustering if for every cluster Qi ∈ Q,
the number of blue points |blue(Qi)| is a multiple of p, and the number of red points |red (Qi) | is a
multiple of q.

Next, we define the closest balanced clustering.

Definition 12 (Closest Balanced clustering) Given a clustering D = {D1, D2, . . . , Dϕ}, a clus-
tering Q∗ = {Q∗

1, Q
∗
2, . . . Q

∗
τ} is called its closest Balanced clustering if for all Balanced clustering

Q, dist(D,Q∗) ≤ dist(D,Q).

Let Q∗ be an (arbitrary) closest Balanced clustering. Then, we use OPTbal(or simply OPT
when it is clear from the context) to denote dist(D,Q∗). For any α ≥ 1, a clustering Q is called an
α-close Balanced clustering if dist(D,Q) ≤ α · dist(D,Q∗).

3. Note, a fraction p/q is called irreducible if p and q are coprime, i.e., gcd(p, q) = 1.
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3. Technical Overview

Given a set V of n points, a clustering D = {D1, D2, . . . , Dϕ} is a partition of V into disjoint
subsets. Given two clusters, we define their distance as the total number of pairwise disagreements
between them. In this work, we assume that each point in V is associated with a color from the set
{red, blue}. For a cluster Di, let blue(Di) denote the blue points in Di, and red(Di) denote the red
points in Di. Given a clustering D, with the ratio between the number of blue and red points being
p/q for some integer p, q ≥ 1, we call D a fair clustering if, for each i ∈ [ϕ], the ratio between
|blue(Di)| and |red(Di)| is exactly p/q. Next, we discuss how efficiently we can transform a given
clustering D into its nearest fair clustering under various settings of p and q.

Optimal Fair Clustering for Equi-Proportionally Balanced Input. We begin by discussing the
case where p = q = 1 and present a near-linear time algorithm that, given a clustering D of V ,
efficiently finds a closest fair clustering C∗ (i.e., an optimal fair clustering). Below, we provide a
brief outline of this algorithm.

Before describing the algorithm, we first establish key properties of the optimal fair clustering.
In particular, we show that there exists an optimal fair clustering that satisfies specific structural
properties. These properties serve as a guide for transforming D into C∗.

(i) Our first observation considers an arbitrary cluster Di ∈ D. Without loss of generality,
assume |blue(Di)| ≥ |red(Di)|. We define the maximal fair cluster of Di, denoted by Dmax,fair

i ,
as the largest subset of Di that contains exactly |red(Di)| red and blue points. Our first claim is
that for each i ∈ [ϕ], the cluster Dmax,fair

i appears as a cluster in C∗. The intuition behind this is
as follows: it is always beneficial to retain at least |red(Di)| red and blue points from Di together.
Otherwise, if they are distributed across multiple clusters, the overall cost would increase, as these
points originate from the same input cluster. Furthermore, if Dmax,fair

i were instead included as a
subset of a larger cluster in C∗, then since C∗ is fair—the larger cluster would need additional blue
points from another cluster to maintain fairness. Importantly, the number of foreign blue points
added would be equal to the excess blue points removed when forming the maximal fair cluster,
ensuring that the overall cost remains unchanged.

(ii) Next, consider a cluster C∗
j ∈ C∗. We claim that C∗

j originates from at most two clusters
in the input clustering D. To see why this holds, assume for contradiction that C∗

j is formed from
three distinct clusters Do, Ds, Dt ∈ D. From our earlier observations, each of these clusters can
contribute only blue or only red points to C∗

j . Without loss of generality, suppose Do contributes
bo blue points, while Ds and Dt contribute rs and rt red points, respectively. Since C∗ is fair, we
must have bo = rs + rt. Now, assume without loss of generality that rs ≤ rt. We can create a new
clustering by partitioning C∗

j into two clusters: The first cluster contains rs red points from Ds and
rs blue points from Do. The second cluster contains rt red points from Dt and rt blue points from
Do. In this transformation, partitioning Do increases the cost by rs · rt. However, since the red
points from Ds and Dt are now separated, the cost decreases by the same amount, rs · rt. Thus, the
overall cost remains unchanged. Moreover, by construction, the new clustering remains fair. In our
algorithm, we extend this argument to a more general setting where C∗

j originates from more than
three clusters, showing that a similar reasoning applies to establish the claim.

Using these two properties, we construct C∗ from D through a two-step process.
In Step 1: Following observation (i), for each input cluster Di, we extract the maximal fair

cluster Dmax,fair
i . Define the remaining points as Ri = Di \ Dmax,fair

i . Note that each Ri forms a
monochromatic cluster.
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Figure 1: Visualization of the algorithm to find a closest fair clustering for equi-proportionally bal-
anced input. In each cluster, xB (resp., yR) denotes that the number of blue (resp., red)
points is x (resp., y).

In Step 2, we introduce a greedy strategy to combine R1, R2, . . . , Rϕ into a set of fair clusters.
We begin by selecting the smallest cluster Ri. Without loss of generality, assume Ri consists of
blue points. We then identify the smallest red cluster Rj and form a new cluster by combining Ri

with |Ri| red points from Rj . This process is repeated iteratively for the remaining monochromatic
clusters. (See Fig. 1.)

By construction, this merging strategy preserves the fairness property. Additionally, since C∗ is
fair and each Dmax,fair

i is included in C∗, the total number of red points in
⋃
i∈[ϕ]Ri matches the total

number of blue points. Thus, our greedy strategy ensures a fair partition of all remaining points.
Next, we show the optimality of this greedy strategy by leveraging Property (ii) of the optimal

fair cluster discussed earlier. We claim that selecting the smallest Ri at each step is indeed optimal.
Intuitively, it is preferable to keep all points of Ri together when they originate from the same input
cluster. Further following Property (ii), the optimal fair cluster can contain points from at most two
input clusters. Now, to make Ri fair while keeping it intact, we must merge it with a cluster Rj of
the opposite color such that |Rj | ≥ |Ri|. This condition is best satisfied by processing clusters in
non-decreasing order of size, which justifies the rationale behind our greedy strategy.

Constant Approximation for Closest Fair Clustering (General p, q). We now consider a more
general version of the problem for arbitrary values of p and q. Without loss of generality, we assume
p ≥ q. The algorithm proceeds in two steps:

1. Balancing Step: Given an input clustering D = {D1, D2, . . . , Dϕ}, we transform it into a
new clustering T = {T1, T2, . . . , Tγ} such that each cluster Ti contains a number of blue
points that is a multiple of p and a number of red points that is a multiple of q.

2. Making-Fair Step: We further process the clusters T1, T2, . . . , Tγ to obtain a fair clustering
F = {F1, F2, . . . , Fζ}.
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Let F∗ denote an optimal fair clustering closest to the input clustering D, with an associated
distance of OPT. By definition, F∗ is also balanced.

If we propose an α-approximation algorithm for the balancing step, then the distance between D
and T is at most α·OPT. Furthermore, since the distance between F∗ and T is at most (1+α)·OPT
(by the triangle inequality), getting a β-approximation algorithm for the making-fair step ensures
that the distance between T and F is at most (1 + α)β · OPT.

Thus, the total distance between the input clustering D and the final output fair clustering F
is at most (α + β + αβ) · OPT, leading to an overall approximation ratio of (α + β + αβ). This
guarantees a constant-factor approximation when α and β are constants.

3.5-approximation Balancing Algorithm for p : 1: We begin by analyzing the balancing step for
the case where q = 1. For this, we present a 3.5-approximation algorithm.

For every cluster Di, we define the surplus of Di as (|blue(Di)| mod p) and its deficit as
(p− (|blue(Di)| mod p)). To balance each cluster, we either need to remove surplus points or add
the required number of deficit points from another cluster. For each cluster, we define the cut cost
as the cost of removing surplus points and the merge cost as the cost of adding deficit points.

Next, we define our cut and merge strategy. We start by classifying clusters into two categories.
Call a cluster merge cluster if its surplus is at least p/2; i.e., its merge cost is smaller than its
cut cost. Otherwise, call it a cut cluster. For a merge cluster Di, it is more efficient to add (p −
(|blue(Di)| mod p)) points (its deficit), whereas, for a cut cluster Di, it is optimal to remove
(|blue(Di)| mod p) points (its surplus). A first-line approach is to remove surplus points from cut
clusters and merge them into merge clusters, ensuring that the number of blue points in each cluster
becomes a multiple of p. We start with this approach, referred to as AlgoGeneral. However, we
cannot guarantee that the total surplus across all clusters matches the total deficit. As a result, after
this step, we may be left with only cut clusters or only merge clusters.

If only merge clusters remain, we cannot satisfy all merge requests since we need to cut some
clusters to provide the necessary points. This is challenging, as cutting is now costlier than merging
for the remaining unbalanced clusters. The key intuition here is that if cutting is necessary, we need a
nontrivial strategy to optimize the cost. To achieve this, we sort the merge clusters in non-increasing
order of cutcost−mergecost, ensuring optimal cutting decisions. An important observation is that
the total deficit W across all clusters is a multiple of p. This follows from the existence of a fair
clustering, which guarantees that there exists a way to process the input set of clusters such that
the number of blue points in each cluster is a multiple of p. Additionally, if we cut k points from
a cluster Di to fulfill the k deficit of another cluster Dj , we effectively balance a total deficit of p
points. This follows intuitively because if k is the surplus of Di, then its deficit is p−k, ensuring that
the combined deficit of Di and Dj sums up to p. Since the total deficit is W , we repeat this operation
exactly W/p times, which is crucial for bounding the overall approximation cost. (See Fig. 2.)

Next, we consider the simpler case where, after the initial cut-merge processing, we are left only
with cut clusters, each having a surplus of size < p/2. Here, we simply remove these surplus points
from each cluster and combine them to form clusters of size exactly p, containing only blue points.
A key question is why forming clusters of size p is the optimal choice rather than larger clusters.
The reason is that ensuring size p may require partitioning surplus points from specific clusters,
incurring additional costs. For example, consider the case where there are three cut clusters with
surpluses of p/3, p/3, and p/2 − 1. Following our strategy to form a cluster of size p, we must
partition at least one existing cluster. One might wonder whether it is more efficient to combine
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Figure 2: Visualization of the scenario when only merge clusters remain after executing AlgoGen-
eral, which converts (a) to (b). Now, the total deficit W = 5, and thus, depending on the
cutcost − mergecost, either an already cut cluster needs to be cut further (depicted in
(b)), or a single merge cluster needs to be cut (depicted in (c)). In each cluster, xB (resp.,
yR) denotes that the number of blue (resp., red) points is x (resp., y).
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Figure 3: Visualization of the scenario when only cut clusters remain after executing AlgoGeneral.
The extra surplus points of clusters D3, D4, D5 form an extra cluster E1 of size p, con-
taining only blue points. In each cluster, xB (resp., yR) denotes that the number of blue
(resp., red) points is x (resp., y).

even more clusters and create a cluster of size 2p instead of p. However, through careful analysis,
we show that accommodating clusters of size > p results in higher merge costs than the partition
cost. Thus, forming clusters of size exactly p is the optimal strategy for combining surplus points
efficiently. (See Fig. 3.)
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7.5-approximation Balancing Algorithm for p : q: We now turn our attention to balancing when
both p and q are greater than 1. We build on the fundamental concept of the balancing step previ-
ously outlined for the p : 1 scenario. In this context, we aim to ensure that the blue subpart of each
cluster is a multiple of p and the red subpart is a multiple of q. This involves examining surpluses
and deficits for both the blue and red subparts separately, similar to the p : 1 case. Consequently,
each cluster Di can be categorized into one of four types: blue merge - red cut, blue cut - red merge,
blue cut - red cut, and blue merge - red merge, where blue (resp., red) merge denotes a deficit of at
most p/2 points (resp., q/2 points) and blue (resp., red) cut denotes a surplus of at most p/2 points
(resp., q/2 points). Depending on its type, we employ our previously outlined balancing algorithm
by addressing the blue and red components of a cluster Di separately.

However, with two colors, our analysis now encounters additional challenges in ensuring an
approximation bound. For example, consider a cluster Di of type blue merge - red merge. An
optimal strategy might involve merging external blue points (denoted as Bi) to address the blue
deficit and external red points (denoted as Ri) to address the red deficit. However, this introduces
an intercluster cost between the sets Bi and Ri, calculated as |Ri| · |Bi|. In this context, it can be
noted that |Ri| ≤ q/2 ≤ |red(Di)|, which means the additional cost is bounded above by OPTDi ,
where OPTDi represents the optimal cost incurred by the points within cluster Di. To understand
this, note that OPTDi must cover at least the cost of resolving its blue deficit, which is at least
|red(Di)| · |Bi|. Summing these costs across all such clusters results in an additional cost that is
bounded above by the overall optimal cost.

For the remaining three cases, we show that by adapting the techniques and arguments from the
p : 1 case, we achieve the claimed approximation guarantee. Finally, by summing all these costs,
we establish that the overall approximation factor is bounded by 7.5.

Making the Balance Clustering Fair: Given a balanced clustering T = {T1, T2, . . . , Tγ} here
we discuss the step to convert it to a fair clustering F = {F1, F2, . . . , Fζ}. For this, we present a
3-approximation algorithm.

Without loss of generality, assume p ≥ q. We define a cluster Ti as TYPERED if it has surplus
red points, meaning |blue(Ti)| < (p/q)|red (Ti) |. Let Si denote the surplus of red points in Ti,
given by |Si| = |red (Ti) | − (q/p)|blue(Ti)|. Otherwise, we define Ti as TYPEBLUE if it has a
deficit of red points, meaning |blue(Ti)| > (p/q)|red (Ti) |. Let Di represent the red point deficit in
Ti, given by |Di| = (q/p)|blue(Ti)| − |red (Ti) |.

Next, we discuss how to eliminate surplus red points and redistribute them to address the deficits.
To achieve this, we simply remove the surplus points from clusters in TYPERED and reassign them
to clusters in TYPEBLUE to compensate for the deficit. A crucial observation is that the existence
of a fair clustering guarantees that the total surplus from all clusters in TYPERED matches the total
deficit across all clusters in TYPEBLUE, thereby making the redistribution process well-defined. We
now proceed to analyze the approximation.

We first claim that since p ≥ q, removing surplus points and redistributing them to fulfill deficits
is indeed optimal. A key subtlety we need to address is the case where a specific surplus Si is
distributed across multiple clusters to fulfill their deficits. This redistribution involves splitting Si,
which incurs an additional cost. However, even in an optimal fair clustering, Si must be transformed
into a fair cluster, requiring the merging of (p/q)|Si| blue points with Si. The cost of this merging
is (p/q)|Si|2, while the maximum splitting cost of Si is at most |Si|2/2. Since p ≥ q, the splitting
cost of Si remains bounded by its merging cost, ensuring the overall 3-approximation guarantee. In
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the case where multiple surplus clusters contribute to fulfilling a deficit Di, our algorithm incurs an
intra-cluster cost of at most |Di|2/2. Since p ≥ q, a similar argument as before ensures that, despite
this additional cost, we still remain within the claimed approximation guarantee.

Fair Consensus Clustering. Next, we propose an algorithm for Fair Consensus Clustering that
minimizes the ℓ-mean objective for any ℓ ≥ 1. Formally, given m clusterings D1,D2, . . . ,Dm

on a set V , the goal is to find a fair clustering F∗ that minimizes
(∑m

j=1 (dist(Dj ,F∗))ℓ
)1/ℓ

.
To achieve this, we design a simple algorithm leveraging our Closest Fair Clustering algorithm
discussed above.

We begin by computing, for each Di, an α-close fair clustering Fi using the Closest Fair Clus-
tering algorithm. Then, we output the fair clustering Fk that minimizes the overall ℓ-mean objec-
tive. Next, we show that this approach guarantees a (2 + α)-approximation for Fair Consensus
Clustering.

Let F∗ be an optimal fair consensus clustering, and let Di be the input clustering closest to
F∗. Using our α-approximate Closest Fair Clustering algorithm, we obtain a fair clustering Fi
such that dist(Di,Fi) ≤ αdist(Di,F∗). By applying the triangle inequality, we get dist(Fi,F∗) ≤
(1 + α)dist(Di,F∗). Now, for any other input clustering Dj , we have

dist(Dj ,Fi) ≤ dist(Dj ,F∗) + dist(Fi,F∗) ≤ (2 + α)dist(Dj ,F∗),

since by assumption, Di is the input closest to F∗, ensuring dist(Di,F∗) ≤ dist(Dj ,F∗).
Thus, we conclude that there exists an input clustering Di whose corresponding fair cluster-

ing Fi achieves a (2 + α)-approximation. Since our algorithm selects the fair clustering Fk that
minimizes the overall objective, it guarantees an overall approximation of (2 + α).

Moreover, as our proposed Closest Fair Clustering algorithm achieves a constant approximation
factor α, this ensures that our Fair Consensus Clustering algorithm also provides a constant-factor
approximation.

All the details of the algorithms and analysis are provided in the full version4.

4. Conclusion

In this paper, we initiate the study of closest fair clustering and fair consensus clustering problems.
We focus on datasets where each point is associated with a binary protected attribute (red or blue).
First, we study the problem of transforming an arbitrary clustering into a fair clustering while mini-
mizing modifications. For perfectly balanced datasets with an equal number of red and blue points,
we propose an optimal algorithm. We then extend our approach to more general cases with arbitrary
ratios and develop constant-factor approximation algorithms. Building on our closest fair clustering
algorithm, we develop a constant-factor approximation algorithm for Fair Consensus Clustering.

A natural open question is whether the approximation factors for both problems can be im-
proved. For the closest fair clustering problem, directly achieving a better approximation is of
particular interest. In contrast, the fair consensus clustering problem is effectively solved through a
reduction to the closest fair clustering, making it compelling to explore whether a tighter reduction
can be achieved in terms of the approximation guarantee. Another promising direction is extending

4. The full version of this paper is available at https://arxiv.org/abs/2506.08673.
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these methods to handle non-binary and potentially overlapping protected groups, broadening the
applicability of fair clustering frameworks.
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