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• New sciences often emerge as a result of scaling up old sciences

Doesn’t ML already provide a scientific basis for LM?
Why Do We Need A New Science?
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A Sciences of LMs
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• “The car allergic to vanilla ice cream” 

Empirical Rules Can Be Misleading
Why Do We Need A Science at All?
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Mistakes From Lack of Science
Science Mistakes

physics & 
thermodynamics

attempts in perpetual motion machines

neuroscience transorbital lobotomies

psychology exorcisms or bloodletting

chemistry using lead in water pipes and medicine

https://www.stellariplaw.com/post/
2019/02/20/are-perpetual-motion-
machines-patentable

https://www.google.com/url?sa=i&url=https://sashaayad.com/
parallels-between-lobotomy-and-childhood-gender-
transition&psig=AOvVaw0r2fjwop6XQ-
nrvppl12sp&ust=1729715180024000&source=images&cd=vfe&opi=89
978449&ved=0CBcQjhxqFwoTCJjH8anpookDFQAAAAAdAAAAABAJ

https://www.google.com/url?sa=i&url=https://thecatalystnews.com/
2020/04/09/the-benefits-of-bloodletting/
&psig=AOvVaw2389ahnlIA9gl66NPLQYFN&ust=1729715254971000&so
urce=images&cd=vfe&opi=89978449&ved=0CBcQjhxqFwoTCLjhxdTpo
okDFQAAAAAdAAAAABAE



• Waste of research efforts


• Trustworthy


• Safety


• Public confidence


• …

What If Similar Accidents Happen to LMs?

https://www.amazon.com/I-Robot-Two-Disc-All-Access-Collectors/dp/B0007PALSE



Levels of Sciences of LMs

Performance: 
(Task level, scores)

Ethology 
(Instance level, 
behaviors)

Physiology of LMs 
(components-level, 
mechanism)

Physics of LMs 
(group level, rule induction)

high-level low-level



Physics of LMs

Part 1:

• Scaling Laws


• Language, Reasoning & Knowledge Acquisition (Allen Zhu’s 
work)



General Principle

Inducing rules from simplified and controlled 
experiments (similar to early ages of physics).

https://en.wikipedia.org/wiki/File:Galileolarge.png



1.1 Scaling Laws



Is Model Performance Predictable?
Scaling Laws

In physics:

Intuition: 
larger force + smaller weight 

 moving faster→

Newton’s Law: 

F = ma

Intuition: 
larger model + more data  

higher score
→

In LMs:

Any law to predict 
scores before training?



1. Curiosity


2. Early debugging


3. Better allocation of the resources

Why Do We Need Scaling Laws?
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Fitting points: early-stop points
Law on Training ComputeLarger models require fewer samples 
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Figure 2 We show a series of language model training runs, with models ranging in size from 103 to 109

parameters (excluding embeddings).

100x Batch Size
<10x Serial Steps

>1,000,000x Model Size

Data requirements

grow relatively slowly

Optimal model size

increases very quickly

Minimum serial steps 
increases negligibly

Figure 3 As more compute becomes available, we can choose how much to allocate towards training larger
models, using larger batches, and training for more steps. We illustrate this for a billion-fold increase in
compute. For optimally compute-efficient training, most of the increase should go towards increased model
size. A relatively small increase in data is needed to avoid reuse. Of the increase in data, most can be used to
increase parallelism through larger batch sizes, with only a very small increase in serial training time required.

1.2 Summary of Scaling Laws

The test loss of a Transformer trained to autoregressively model language can be predicted using a power-law
when performance is limited by only either the number of non-embedding parameters N , the dataset size D,
or the optimally allocated compute budget Cmin (see Figure 1):

1. For models with a limited number of parameters, trained to convergence on sufficiently large
datasets:

L(N) = (Nc/N)↵N ; ↵N ⇠ 0.076, Nc ⇠ 8.8⇥ 1013 (non-embedding parameters) (1.1)

2. For large models trained with a limited dataset with early stopping:

L(D) = (Dc/D)↵D ; ↵D ⇠ 0.095, Dc ⇠ 5.4⇥ 1013 (tokens) (1.2)

3. When training with a limited amount of compute, a sufficiently large dataset, an optimally-sized
model, and a sufficiently small batch size (making optimal3 use of compute):

L(Cmin) =
�
Cmin

c /Cmin

�↵min
C ; ↵min

C ⇠ 0.050, Cmin
c ⇠ 3.1⇥ 108 (PF-days) (1.3)

3We also observe an empirical power-law trend with the training compute C (Figure 1) while training at fixed batch
size, but it is the trend with Cmin that should be used to make predictions. They are related by equation (5.5).
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Kaplan, Jared, Sam McCandlish, Tom Henighan, Tom B. Brown, Benjamin Chess, Rewon Child, Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. "Scaling laws for neural language models." arXiv preprint 
arXiv:2001.08361 (2020).

Figure 8 Left: Generalization performance to other data distributions improves smoothly with model size,
with only a small and very slowly growing offset from the WebText2 training distribution. Right: Gener-
alization performance depends only on training distribution performance, and not on the phase of training.
We compare generalization of converged models (points) to that of a single large model (dashed curves) as it
trains.

with the best performance on step S = C
6BS . Note that in these results the batch size B remains fixed for

all models, which means that these empirical results are not truly optimal. We will account for this in later
sections using an adjusted Cmin to produce cleaner trends.

The result appears as the heavy black line on the left-hand plot in Figure 1. It can be fit with

L(C) ⇡
✓
Cc

C

◆↵C

(3.3)

The figure also includes images of individual learning curves to clarify when individual models are optimal.
We will study the optimal allocation of compute more closely later on. The data strongly suggests that sample
efficiency improves with model size, and we also illustrate this directly in Figure 19 in the appendix.

4 Charting the Infinite Data Limit and Overfitting

In Section 3 we found a number of basic scaling laws for language modeling performance. Here we will
study the performance of a model of size N trained on a dataset with D tokens while varying N and D
simultaneously. We will empirically demonstrate that the optimally trained test loss accords with the scaling
law of Equation (1.5). This provides guidance on how much data we would need to train models of increasing
size while keeping overfitting under control.

4.1 Proposed L(N,D) Equation

We have chosen the parameterization (1.5) (repeated here for convenience):

L(N,D) =

"✓
Nc

N

◆↵N
↵D

+
Dc

D

#↵D

(4.1)

using three principles:

1. Changes in vocabulary size or tokenization are expected to rescale the loss by an overall factor. The
parameterization of L(N,D) (and all models of the loss) must naturally allow for such a rescaling.

2. Fixing D and sending N ! 1, the overall loss should approach L(D). Conversely, fixing N and
sending D ! 1 the loss must approach L(N).

3. L(N,D) should be analytic at D = 1, so that it has a series expansion in 1/D with integer powers.
Theoretical support for this principle is significantly weaker than for the first two.

Our choice of L(N,D) satisfies the first requirement because we can rescale Nc, Dc with changes in the
vocabulary. This also implies that the values of Nc, Dc have no fundamental meaning.

10



Law on Dataset Size

Kaplan, Jared, Sam McCandlish, Tom Henighan, Tom B. Brown, Benjamin Chess, Rewon Child, Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. "Scaling laws for neural language models." arXiv preprint 
arXiv:2001.08361 (2020).

Figure 4 Left: The early-stopped test loss L(N,D) varies predictably with the dataset size D and model
size N according to Equation (1.5). Right: After an initial transient period, learning curves for all model
sizes N can be fit with Equation (1.6), which is parameterized in terms of Smin, the number of steps when
training at large batch size (details in Section 5.1).

These relations hold across eight orders of magnitude in Cmin, six orders of magnitude in N , and over two
orders of magnitude in D. They depend very weakly on model shape and other Transformer hyperparameters
(depth, width, number of self-attention heads), with specific numerical values associated with the Webtext2
training set [RWC+19]. The power laws ↵N,↵D,↵min

C specify the degree of performance improvement
expected as we scale up N , D, or Cmin; for example, doubling the number of parameters yields a loss that
is smaller by a factor 2�↵N = 0.95. The precise numerical values of Nc, Cmin

c , and Dc depend on the
vocabulary size and tokenization and hence do not have a fundamental meaning.

The critical batch size, which determines the speed/efficiency tradeoff for data parallelism ([MKAT18]), also
roughly obeys a power law in L:

Bcrit (L) =
B⇤

L1/↵B
, B⇤ ⇠ 2 · 108 tokens, ↵B ⇠ 0.21 (1.4)

Equation (1.1) and (1.2) together suggest that as we increase the model size, we should increase the dataset
size sublinearly according to D / N

↵N
↵D ⇠ N0.74. In fact, we find that there is a single equation combining

(1.1) and (1.2) that governs the simultaneous dependence on N and D and governs the degree of overfitting:

L(N,D) =

"✓
Nc

N

◆↵N
↵D

+
Dc

D

#↵D

(1.5)

with fits pictured on the left in figure 4. We conjecture that this functional form may also parameterize the
trained log-likelihood for other generative modeling tasks.

When training a given model for a finite number of parameter update steps S in the infinite data limit, after
an initial transient period, the learning curves can be accurately fit by (see the right of figure 4)

L(N,S) =

✓
Nc

N

◆↵N

+

✓
Sc

Smin(S)

◆↵S

(1.6)

where Sc ⇡ 2.1 ⇥ 103 and ↵S ⇡ 0.76, and Smin(S) is the minimum possible number of optimization steps
(parameter updates) estimated using Equation (5.4).

When training within a fixed compute budget C, but with no other constraints, Equation (1.6) leads to the
prediction that the optimal model size N , optimal batch size B, optimal number of steps S, and dataset size
D should grow as

N / C↵min
C /↵N , B / C↵min

C /↵B , S / C↵min
C /↵S , D = B · S (1.7)

with
↵min
C = 1/ (1/↵S + 1/↵B + 1/↵N ) (1.8)

which closely matches the empirically optimal results N / C0.73
min , B / C0.24

min , and S / C0.03
min . As the

computational budget C increases, it should be spent primarily on larger models, without dramatic increases
in training time or dataset size (see Figure 3). This also implies that as models grow larger, they become
increasingly sample efficient. In practice, researchers typically train smaller models for longer than would
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Figure 7

To observe these trends it is crucial to study performance as a function of N ; if we instead use the total
parameter count (including the embedding parameters) the trend is somewhat obscured (see Figure 6). This
suggests that the embedding matrix can be made smaller without impacting performance, as has been seen in
recent work [LCG+19].

Although these models have been trained on the WebText2 dataset, their test loss on a variety of other datasets
is also a power-law in N with nearly identical power, as shown in Figure 8.

3.2.1 Comparing to LSTMs and Universal Transformers

In Figure 7 we compare LSTM and Transformer performance as a function of non-embedding parameter
count N . The LSTMs were trained with the same dataset and context length. We see from these figures
that the LSTMs perform as well as Transformers for tokens appearing early in the context, but cannot match
the Transformer performance for later tokens. We present power-law relationships between performance and
context position Appendix D.5, where increasingly large powers for larger models suggest improved ability
to quickly recognize patterns.

We also compare the performance of standard Transformers to recurrent Transformers [DGV+18] in Figure
17 in the appendix. These models re-use parameters, and so perform slightly better as a function of N , at the
cost of additional compute per-parameter.

3.2.2 Generalization Among Data Distributions

We have also tested our models on a set of additional text data distributions. The test loss on these datasets
as a function of model size is shown in Figure 8; in all cases the models were trained only on the WebText2
dataset. We see that the loss on these other data distributions improves smoothly with model size, in direct
parallel with the improvement on WebText2. We find that generalization depends almost exclusively on the
in-distribution validation loss, and does not depend on the duration of training or proximity to convergence.
We also observe no dependence on model depth (see Appendix D.8).

3.3 Performance with Dataset Size and Compute

We display empirical trends for the test loss as a function of dataset size D (in tokens) and training compute
C in Figure 1.

For the trend with D we trained a model with (nlayer, nembd) = (36, 1280) on fixed subsets of the WebText2
dataset. We stopped training once the test loss ceased to decrease. We see that the resulting test losses can be
fit with simple power-law

L(D) ⇡
✓
Dc

D

◆↵D

(3.2)

in the dataset size. The data and fit appear in Figure 1.

The total amount of non-embedding compute used during training can be estimated as C = 6NBS, where
B is the batch size, S is the number of parameter updates, and the factor of 6 accounts for the forward and
backward passes. Thus for a given value of C we can scan over all models with various N to find the model
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Law on Model Size
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Figure 5 Performance depends very mildly on model shape when the total number of non-embedding
parameters N is held fixed. The loss varies only a few percent over a wide range of shapes. Small differences
in parameter counts are compensated for by using the fit to L(N) as a baseline. Aspect ratio in particular can
vary by a factor of 40 while only slightly impacting performance; an (nlayer, dmodel) = (6, 4288) reaches a
loss within 3% of the (48, 1600) model used in [RWC+19].

Figure 6 Left: When we include embedding parameters, performance appears to depend strongly on the
number of layers in addition to the number of parameters. Right: When we exclude embedding parameters,
the performance of models with different depths converge to a single trend. Only models with fewer than 2
layers or with extreme depth-to-width ratios deviate significantly from the trend.

In this section we will display data along with empirically-motivated fits, deferring theoretical analysis to
later sections.

3.1 Approximate Transformer Shape and Hyperparameter Independence

Transformer performance depends very weakly on the shape parameters nlayer, nheads, and d↵ when we hold
the total non-embedding parameter count N fixed. To establish these results we trained models with fixed
size while varying a single hyperparameter. This was simplest for the case of nheads. When varying nlayer,
we simultaneously varied dmodel while keeping N ⇡ 12nlayerd2model fixed. Similarly, to vary d↵ at fixed
model size we also simultaneously varied the dmodel parameter, as required by the parameter counts in Table
1. Independence of nlayers would follow if deeper Transformers effectively behave as ensembles of shallower
models, as has been suggested for ResNets [VWB16]. The results are shown in Figure 5.

3.2 Performance with Non-Embedding Parameter Count N

In Figure 6 we display the performance of a wide variety of models, ranging from small models with shape
(nlayer, dmodel) = (2, 128) through billion-parameter models, ranging in shape from (6, 4288) through
(207, 768). Here we have trained to near convergence on the full WebText2 dataset and observe no over-
fitting (except possibly for the very largest models).

As shown in Figure 1, we find a steady trend with non-embedding parameter count N , which can be fit to the
first term of Equation (1.5), so that

L(N) ⇡
✓
Nc

N

◆↵N

(3.1)
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Kaplan, Jared, Sam McCandlish, Tom Henighan, Tom B. Brown, Benjamin Chess, Rewon Child, Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. "Scaling laws for neural language models." arXiv preprint 
arXiv:2001.08361 (2020).
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Figure 5 Performance depends very mildly on model shape when the total number of non-embedding
parameters N is held fixed. The loss varies only a few percent over a wide range of shapes. Small differences
in parameter counts are compensated for by using the fit to L(N) as a baseline. Aspect ratio in particular can
vary by a factor of 40 while only slightly impacting performance; an (nlayer, dmodel) = (6, 4288) reaches a
loss within 3% of the (48, 1600) model used in [RWC+19].

Figure 6 Left: When we include embedding parameters, performance appears to depend strongly on the
number of layers in addition to the number of parameters. Right: When we exclude embedding parameters,
the performance of models with different depths converge to a single trend. Only models with fewer than 2
layers or with extreme depth-to-width ratios deviate significantly from the trend.

In this section we will display data along with empirically-motivated fits, deferring theoretical analysis to
later sections.

3.1 Approximate Transformer Shape and Hyperparameter Independence

Transformer performance depends very weakly on the shape parameters nlayer, nheads, and d↵ when we hold
the total non-embedding parameter count N fixed. To establish these results we trained models with fixed
size while varying a single hyperparameter. This was simplest for the case of nheads. When varying nlayer,
we simultaneously varied dmodel while keeping N ⇡ 12nlayerd2model fixed. Similarly, to vary d↵ at fixed
model size we also simultaneously varied the dmodel parameter, as required by the parameter counts in Table
1. Independence of nlayers would follow if deeper Transformers effectively behave as ensembles of shallower
models, as has been suggested for ResNets [VWB16]. The results are shown in Figure 5.

3.2 Performance with Non-Embedding Parameter Count N

In Figure 6 we display the performance of a wide variety of models, ranging from small models with shape
(nlayer, dmodel) = (2, 128) through billion-parameter models, ranging in shape from (6, 4288) through
(207, 768). Here we have trained to near convergence on the full WebText2 dataset and observe no over-
fitting (except possibly for the very largest models).

As shown in Figure 1, we find a steady trend with non-embedding parameter count N , which can be fit to the
first term of Equation (1.5), so that

L(N) ⇡
✓
Nc

N

◆↵N

(3.1)
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Temporal Laws

https://epochai.org/

not necessarily a “scaling law” but tells us useful trends 



Not Scaling Forever

The intersection point is sensitive to 
the precise power-law parameters

Figure 15 Far beyond the model sizes we study empirically, we find a contradiction between our equations
for L(Cmin) and L(D) due to the slow growth of data needed for compute-efficient training. The intersection
marks the point before which we expect our predictions to break down. The location of this point is highly
sensitive to the precise exponents from our power-law fits.

6.3 Contradictions and a Conjecture

We observe no signs of deviation from straight power-law trends at large values of compute, data, or model
size. Our trends must eventually level off, though, since natural language has non-zero entropy.

Indeed, the trends for compute-efficient training described in this section already contain an apparent contra-
diction. At scales several orders of magnitude above those documented here, the performance predicted by
the L(Cmin) scaling law decreases below what should be possible given the slow growth in training data with
compute. This implies that our scaling laws must break down before this point, but we conjecture that the
intersection point has a deeper meaning: it provides an estimate of the point at which Transformer language
models reach maximal performance.

Since the amount of data used by compute-efficient training grows slowly with the compute budget, the
performance predicted by L(Cmin) eventually hits a lower bound set by the L(D) power law (see Figure 15).
Let us work this out in more detail.

To keep overfitting under control, the results of Section 4 imply that we should scale the dataset size as

D / N0.74 / C0.54
min (6.6)

where we have used the compute-efficient N(Cmin) from Figure 14.

Let us compare this to the data requirements of compute-efficient training. If we train at the critical batch
size (i.e. C = 2Cmin) and never re-use data during training, we find that data usage grows with compute as

D(Cmin) =
2Cmin

6N(Cmin)
⇡

�
4⇥ 1010 tokens

�
(Cmin/PF-Day)0.26 (6.7)

This is the maximum rate at which the dataset size can productively grow with compute, since it means that
we are only training for a single epoch. But it grows the dataset much more slowly than in Equation (6.6).
It appears to imply that compute-efficient training will eventually run into a problem with overfitting, even if
the training process never re-uses any data!

According to Figure 1, we expect that when we are bottlenecked by the dataset size (ie by overfitting), the
loss should scale as L(D) / D�0.095. This implies that the loss would scale with compute as L(D(Cmin)) /
C�0.03

min once we are data-limited. Once again, we have a contradiction, as this will eventually intersect with
our prediction for L(Cmin) from Figure 13, where we found a scaling L(Cmin) / C�0.050

min .

The intersection point of L(D(Cmin)) and L(Cmin) occurs at

C⇤ ⇠ 104 PF-Days N⇤ ⇠ 1012 parameters, D⇤ ⇠ 1012 tokens, L⇤ ⇠ 1.7 nats/token (6.8)

though the numerical values are highly uncertain, varying by an order or magnitude in either direction de-
pending on the precise values of the exponents from the power-law fits. The most obvious interpretation is
that our scaling laws break down at or before we reach this point, which is still many orders of magnitude
away in both compute and model size.
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Law on compute

Law on data size

Kaplan, Jared, Sam McCandlish, Tom Henighan, Tom B. Brown, Benjamin Chess, Rewon Child, Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. "Scaling laws for neural language models." arXiv preprint 
arXiv:2001.08361 (2020).



Model Shape Matters Less
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Figure 5 Performance depends very mildly on model shape when the total number of non-embedding
parameters N is held fixed. The loss varies only a few percent over a wide range of shapes. Small differences
in parameter counts are compensated for by using the fit to L(N) as a baseline. Aspect ratio in particular can
vary by a factor of 40 while only slightly impacting performance; an (nlayer, dmodel) = (6, 4288) reaches a
loss within 3% of the (48, 1600) model used in [RWC+19].

Figure 6 Left: When we include embedding parameters, performance appears to depend strongly on the
number of layers in addition to the number of parameters. Right: When we exclude embedding parameters,
the performance of models with different depths converge to a single trend. Only models with fewer than 2
layers or with extreme depth-to-width ratios deviate significantly from the trend.

In this section we will display data along with empirically-motivated fits, deferring theoretical analysis to
later sections.

3.1 Approximate Transformer Shape and Hyperparameter Independence

Transformer performance depends very weakly on the shape parameters nlayer, nheads, and d↵ when we hold
the total non-embedding parameter count N fixed. To establish these results we trained models with fixed
size while varying a single hyperparameter. This was simplest for the case of nheads. When varying nlayer,
we simultaneously varied dmodel while keeping N ⇡ 12nlayerd2model fixed. Similarly, to vary d↵ at fixed
model size we also simultaneously varied the dmodel parameter, as required by the parameter counts in Table
1. Independence of nlayers would follow if deeper Transformers effectively behave as ensembles of shallower
models, as has been suggested for ResNets [VWB16]. The results are shown in Figure 5.

3.2 Performance with Non-Embedding Parameter Count N

In Figure 6 we display the performance of a wide variety of models, ranging from small models with shape
(nlayer, dmodel) = (2, 128) through billion-parameter models, ranging in shape from (6, 4288) through
(207, 768). Here we have trained to near convergence on the full WebText2 dataset and observe no over-
fitting (except possibly for the very largest models).

As shown in Figure 1, we find a steady trend with non-embedding parameter count N , which can be fit to the
first term of Equation (1.5), so that

L(N) ⇡
✓
Nc

N

◆↵N

(3.1)
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But Architecture Matters
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To observe these trends it is crucial to study performance as a function of N ; if we instead use the total
parameter count (including the embedding parameters) the trend is somewhat obscured (see Figure 6). This
suggests that the embedding matrix can be made smaller without impacting performance, as has been seen in
recent work [LCG+19].

Although these models have been trained on the WebText2 dataset, their test loss on a variety of other datasets
is also a power-law in N with nearly identical power, as shown in Figure 8.

3.2.1 Comparing to LSTMs and Universal Transformers

In Figure 7 we compare LSTM and Transformer performance as a function of non-embedding parameter
count N . The LSTMs were trained with the same dataset and context length. We see from these figures
that the LSTMs perform as well as Transformers for tokens appearing early in the context, but cannot match
the Transformer performance for later tokens. We present power-law relationships between performance and
context position Appendix D.5, where increasingly large powers for larger models suggest improved ability
to quickly recognize patterns.

We also compare the performance of standard Transformers to recurrent Transformers [DGV+18] in Figure
17 in the appendix. These models re-use parameters, and so perform slightly better as a function of N , at the
cost of additional compute per-parameter.

3.2.2 Generalization Among Data Distributions

We have also tested our models on a set of additional text data distributions. The test loss on these datasets
as a function of model size is shown in Figure 8; in all cases the models were trained only on the WebText2
dataset. We see that the loss on these other data distributions improves smoothly with model size, in direct
parallel with the improvement on WebText2. We find that generalization depends almost exclusively on the
in-distribution validation loss, and does not depend on the duration of training or proximity to convergence.
We also observe no dependence on model depth (see Appendix D.8).

3.3 Performance with Dataset Size and Compute

We display empirical trends for the test loss as a function of dataset size D (in tokens) and training compute
C in Figure 1.

For the trend with D we trained a model with (nlayer, nembd) = (36, 1280) on fixed subsets of the WebText2
dataset. We stopped training once the test loss ceased to decrease. We see that the resulting test losses can be
fit with simple power-law

L(D) ⇡
✓
Dc

D

◆↵D

(3.2)

in the dataset size. The data and fit appear in Figure 1.

The total amount of non-embedding compute used during training can be estimated as C = 6NBS, where
B is the batch size, S is the number of parameter updates, and the factor of 6 accounts for the forward and
backward passes. Thus for a given value of C we can scan over all models with various N to find the model
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Open question: what decides this “model factor”?
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Can Laws Be Unified?

Figure 4 Left: The early-stopped test loss L(N,D) varies predictably with the dataset size D and model
size N according to Equation (1.5). Right: After an initial transient period, learning curves for all model
sizes N can be fit with Equation (1.6), which is parameterized in terms of Smin, the number of steps when
training at large batch size (details in Section 5.1).

These relations hold across eight orders of magnitude in Cmin, six orders of magnitude in N , and over two
orders of magnitude in D. They depend very weakly on model shape and other Transformer hyperparameters
(depth, width, number of self-attention heads), with specific numerical values associated with the Webtext2
training set [RWC+19]. The power laws ↵N,↵D,↵min

C specify the degree of performance improvement
expected as we scale up N , D, or Cmin; for example, doubling the number of parameters yields a loss that
is smaller by a factor 2�↵N = 0.95. The precise numerical values of Nc, Cmin

c , and Dc depend on the
vocabulary size and tokenization and hence do not have a fundamental meaning.

The critical batch size, which determines the speed/efficiency tradeoff for data parallelism ([MKAT18]), also
roughly obeys a power law in L:

Bcrit (L) =
B⇤

L1/↵B
, B⇤ ⇠ 2 · 108 tokens, ↵B ⇠ 0.21 (1.4)

Equation (1.1) and (1.2) together suggest that as we increase the model size, we should increase the dataset
size sublinearly according to D / N

↵N
↵D ⇠ N0.74. In fact, we find that there is a single equation combining

(1.1) and (1.2) that governs the simultaneous dependence on N and D and governs the degree of overfitting:
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#↵D

(1.5)

with fits pictured on the left in figure 4. We conjecture that this functional form may also parameterize the
trained log-likelihood for other generative modeling tasks.

When training a given model for a finite number of parameter update steps S in the infinite data limit, after
an initial transient period, the learning curves can be accurately fit by (see the right of figure 4)
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(1.6)

where Sc ⇡ 2.1 ⇥ 103 and ↵S ⇡ 0.76, and Smin(S) is the minimum possible number of optimization steps
(parameter updates) estimated using Equation (5.4).

When training within a fixed compute budget C, but with no other constraints, Equation (1.6) leads to the
prediction that the optimal model size N , optimal batch size B, optimal number of steps S, and dataset size
D should grow as

N / C↵min
C /↵N , B / C↵min

C /↵B , S / C↵min
C /↵S , D = B · S (1.7)

with
↵min
C = 1/ (1/↵S + 1/↵B + 1/↵N ) (1.8)

which closely matches the empirically optimal results N / C0.73
min , B / C0.24

min , and S / C0.03
min . As the

computational budget C increases, it should be spent primarily on larger models, without dramatic increases
in training time or dataset size (see Figure 3). This also implies that as models grow larger, they become
increasingly sample efficient. In practice, researchers typically train smaller models for longer than would
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arXiv:2001.08361 (2020).Figure 11 When we hold either total compute or number of training steps fixed, performance follows
L(N,S) from Equation (5.6). Each value of compute budget has an associated optimal model size that
maximizes performance. Mediocre fits at small S are unsurprising, as the power-law equation for the learning
curves breaks down very early in training.

Parameter ↵N ↵S Nc Sc

Value 0.077 0.76 6.5⇥ 1013 2.1⇥ 103

Table 3 Fits to L(N,S)

With these parameters, we obtain the learning curve fits in Figure 4. Though the fits are imperfect, we believe
they are quite compelling given the simplicity of Equation (5.6).

The data and fits can be visualized in a different and more interesting way, as shown in Figure 11. There we
study the test loss as a function of model size while fixing either the total non-embedding compute C used
in training, or the number of steps S. For the fits we use Equation (5.5) and (5.4) along with the parameters
above and Equation (5.6).

The power-law dependence of the loss on Smin reflects the interplay of optimizer dynamics and the loss
landscape. Since the fits are best late in training, when the loss may be approximately quadratic, the power-
law should provide information about the spectrum of the Hessian of the loss. Its universality suggests that
the Hessian eigenvalue density is roughly independent of model size.

5.3 Lower Bound on Early Stopping Step

The results for L(N,Smin) can be used to derive a lower-bound (and rough estimate) of the step at which
early stopping should occur when training is data limited. It is motivated by the idea that finite and infinite D
learning curves for a given model will be very similar until we reach Smin ⇡ Sstop. Thus overfitting should
be proportional to the correction from simply ending training at Sstop. This will underestimate Sstop, because
in reality the test loss will decrease more slowly when we have a finite D, and therefore we will require more
training steps to reach the optimal test loss at finite D. This line of reasoning leads to the inequality

Sstop(N,D) & Sc

[L(N,D)� L(N,1)]1/↵S
(5.7)

where L(N,1) is the converged loss, evaluated with infinite available data. This inequality and its com-
parison to the empirical data is displayed in Figure 16 in the appendix. In that figure, the values of Sstop

and L(N,D) are empirical (though Sstop is adjusted to mimic training at B � Bcrit), while L(N,1) is
computed from the fit to L(N,D) evaluated at D = 1.

6 Optimal Allocation of the Compute Budget

We displayed the empirical trend of performance as a function of the computation used during training in
the top-right of Figure 1. However, this result involved training at a fixed batch size B, whereas we know
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Can Laws Be Unified?

Can they be further unified? The authors didn’t say.

Figure 4 Left: The early-stopped test loss L(N,D) varies predictably with the dataset size D and model
size N according to Equation (1.5). Right: After an initial transient period, learning curves for all model
sizes N can be fit with Equation (1.6), which is parameterized in terms of Smin, the number of steps when
training at large batch size (details in Section 5.1).
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where Sc ⇡ 2.1 ⇥ 103 and ↵S ⇡ 0.76, and Smin(S) is the minimum possible number of optimization steps
(parameter updates) estimated using Equation (5.4).
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D should grow as
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which closely matches the empirically optimal results N / C0.73
min , B / C0.24
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computational budget C increases, it should be spent primarily on larger models, without dramatic increases
in training time or dataset size (see Figure 3). This also implies that as models grow larger, they become
increasingly sample efficient. In practice, researchers typically train smaller models for longer than would
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When training a given model for a finite number of parameter update steps S in the infinite data limit, after
an initial transient period, the learning curves can be accurately fit by (see the right of figure 4)
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where Sc ⇡ 2.1 ⇥ 103 and ↵S ⇡ 0.76, and Smin(S) is the minimum possible number of optimization steps
(parameter updates) estimated using Equation (5.4).

When training within a fixed compute budget C, but with no other constraints, Equation (1.6) leads to the
prediction that the optimal model size N , optimal batch size B, optimal number of steps S, and dataset size
D should grow as

N / C↵min
C /↵N , B / C↵min

C /↵B , S / C↵min
C /↵S , D = B · S (1.7)

with
↵min
C = 1/ (1/↵S + 1/↵B + 1/↵N ) (1.8)

which closely matches the empirically optimal results N / C0.73
min , B / C0.24

min , and S / C0.03
min . As the

computational budget C increases, it should be spent primarily on larger models, without dramatic increases
in training time or dataset size (see Figure 3). This also implies that as models grow larger, they become
increasingly sample efficient. In practice, researchers typically train smaller models for longer than would
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Some Law Become Complex

Published as a conference paper at ICLR 2023

One salient defect is that they can only represent monotonic functions. They thus fail to model the
striking phenomena of double-descent (Nakkiran et al., 2021), where increased scale temporarily
decreases test performance before ultimately leading to further improvements. Many also lack the
expressive power to model inflection points (on a linear-linear plot), which can be observed empir-
ically for many downstream tasks, and even some upstream tasks, such as our N -digit arithmetic
task, or the modular arithmetic task introduced by Power et al. (2022) in their work on “grokking”.

To address all the needs discussed in this paper thus far, we present broken neural scaling laws
(BNSL) - a functional form that generalizes power laws (linear in log-log plot) to “smoothly broken”
power laws, i.e. a smoothly connected piecewise (approximately) linear function in a log-log plot.
An extensive empirical evaluation demonstrates that BNSL accurately model & extrapolate the
scaling behaviors for various architectures & for each of various tasks within a large & diverse set
of upstream & downstream tasks, in zero-shot, prompted, & fine-tuned settings. This set includes
large-scale vision, language, audio, video, diffusion, generative modeling, multimodal learn-
ing, contrastive learning, AI alignment, AI capabilities, robotics, out-of-distribution (OOD)
generalization, continual learning, transfer learning, uncertainty estimation / calibration, out-
of-distribution detection, adversarial robustness, distillation, sparsity, retrieval, quantization,
pruning, fairness, molecules, computer programming/coding, math word problems, arith-
metic, supervised learning, unsupervised/self-supervised learning, & reinforcement learning
(single agent & multi-agent). When compared to other functional forms for neural scaling be-
havior, this functional form yields extrapolations of scaling behavior that are considerably more
accurate on this set. Additionally, it captures well (i.e. accurately models & extrapolates) the non-
monotonic transitions present in the scaling behavior of phenomena such as double descent & the
delayed, sharp inflection points present in the scaling behavior of tasks such as arithmetic.

2 THE FUNCTIONAL FORM OF BROKEN NEURAL SCALING LAWS

Figure 1: A Broken Neural Scaling Law (BNSL) (dark black solid line) (with 3 breaks where purple
dotted lines intersect with dark black solid line) that contains 4 individual power law segments
(where the dashed lines that are yellow, blue, red, and green overlap with the dark black solid line).
The 1st and 2nd break are very smooth; the 3rd break is very sharp. See Section 2 for more details.

The general functional form of a broken neural scaling law (BNSL) is given as follows:

y = a+

(
bx→c0

) n∏

i=1

(
1 +

(
x

di

)1/fi
)→ci↑fi

, (1)

where y represents a performance evaluation metric (e.g. prediction error, cross entropy, calibration
error, AUROC, BLEU score percentage, F1 score, reward, Elo rating, or FID score) (downstream
or upstream) and x represents a quantity that is being scaled (e.g. number of model parameters,
amount of compute used for training (or inference), training dataset size, model input size, number of
training steps, or upstream performance). The remaining parameters a, b, c0, c1...cn, d1...dn, f1...fn
are unknown constants that must be estimated by fitting the above functional form to the (x, y) data
points. (In our experiments, SciPy curve-fitting library (Virtanen et al., 2020) was used.)
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Occam’s Razor and Von 
Neumann’s Elephant 

https://en.wikipedia.org/wiki/Von_Neumann's_elephant

“With four parameters, I can fit 
an elephant, and with five, I can 
make him wiggle his trunk.” 

——Von Neumann

Note: selection of math form is 
also a parameter!

Occam’s razor: “Simpler, better”



When Humans Overthink, They Overfit

Ptolemaic system trying to prove geocentric theory
https://c8.alamy.com/comp/2BDXM8D/james-ferguson-proof-against-the-ptolemaic-system-1756-2BDXM8D.jpg



Resource Allocation by Laws

Figure 4 Left: The early-stopped test loss L(N,D) varies predictably with the dataset size D and model
size N according to Equation (1.5). Right: After an initial transient period, learning curves for all model
sizes N can be fit with Equation (1.6), which is parameterized in terms of Smin, the number of steps when
training at large batch size (details in Section 5.1).

These relations hold across eight orders of magnitude in Cmin, six orders of magnitude in N , and over two
orders of magnitude in D. They depend very weakly on model shape and other Transformer hyperparameters
(depth, width, number of self-attention heads), with specific numerical values associated with the Webtext2
training set [RWC+19]. The power laws ↵N,↵D,↵min

C specify the degree of performance improvement
expected as we scale up N , D, or Cmin; for example, doubling the number of parameters yields a loss that
is smaller by a factor 2�↵N = 0.95. The precise numerical values of Nc, Cmin

c , and Dc depend on the
vocabulary size and tokenization and hence do not have a fundamental meaning.

The critical batch size, which determines the speed/efficiency tradeoff for data parallelism ([MKAT18]), also
roughly obeys a power law in L:

Bcrit (L) =
B⇤

L1/↵B
, B⇤ ⇠ 2 · 108 tokens, ↵B ⇠ 0.21 (1.4)

Equation (1.1) and (1.2) together suggest that as we increase the model size, we should increase the dataset
size sublinearly according to D / N

↵N
↵D ⇠ N0.74. In fact, we find that there is a single equation combining

(1.1) and (1.2) that governs the simultaneous dependence on N and D and governs the degree of overfitting:

L(N,D) =
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+
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(1.5)

with fits pictured on the left in figure 4. We conjecture that this functional form may also parameterize the
trained log-likelihood for other generative modeling tasks.

When training a given model for a finite number of parameter update steps S in the infinite data limit, after
an initial transient period, the learning curves can be accurately fit by (see the right of figure 4)

L(N,S) =
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Smin(S)
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(1.6)

where Sc ⇡ 2.1 ⇥ 103 and ↵S ⇡ 0.76, and Smin(S) is the minimum possible number of optimization steps
(parameter updates) estimated using Equation (5.4).

When training within a fixed compute budget C, but with no other constraints, Equation (1.6) leads to the
prediction that the optimal model size N , optimal batch size B, optimal number of steps S, and dataset size
D should grow as

N / C↵min
C /↵N , B / C↵min

C /↵B , S / C↵min
C /↵S , D = B · S (1.7)

with
↵min
C = 1/ (1/↵S + 1/↵B + 1/↵N ) (1.8)

which closely matches the empirically optimal results N / C0.73
min , B / C0.24

min , and S / C0.03
min . As the

computational budget C increases, it should be spent primarily on larger models, without dramatic increases
in training time or dataset size (see Figure 3). This also implies that as models grow larger, they become
increasingly sample efficient. In practice, researchers typically train smaller models for longer than would
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Figure 2 We show a series of language model training runs, with models ranging in size from 103 to 109

parameters (excluding embeddings).

100x Batch Size
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>1,000,000x Model Size

Data requirements
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Figure 3 As more compute becomes available, we can choose how much to allocate towards training larger
models, using larger batches, and training for more steps. We illustrate this for a billion-fold increase in
compute. For optimally compute-efficient training, most of the increase should go towards increased model
size. A relatively small increase in data is needed to avoid reuse. Of the increase in data, most can be used to
increase parallelism through larger batch sizes, with only a very small increase in serial training time required.

1.2 Summary of Scaling Laws

The test loss of a Transformer trained to autoregressively model language can be predicted using a power-law
when performance is limited by only either the number of non-embedding parameters N , the dataset size D,
or the optimally allocated compute budget Cmin (see Figure 1):

1. For models with a limited number of parameters, trained to convergence on sufficiently large
datasets:

L(N) = (Nc/N)↵N ; ↵N ⇠ 0.076, Nc ⇠ 8.8⇥ 1013 (non-embedding parameters) (1.1)

2. For large models trained with a limited dataset with early stopping:

L(D) = (Dc/D)↵D ; ↵D ⇠ 0.095, Dc ⇠ 5.4⇥ 1013 (tokens) (1.2)

3. When training with a limited amount of compute, a sufficiently large dataset, an optimally-sized
model, and a sufficiently small batch size (making optimal3 use of compute):

L(Cmin) =
�
Cmin

c /Cmin

�↵min
C ; ↵min

C ⇠ 0.050, Cmin
c ⇠ 3.1⇥ 108 (PF-days) (1.3)

3We also observe an empirical power-law trend with the training compute C (Figure 1) while training at fixed batch
size, but it is the trend with Cmin that should be used to make predictions. They are related by equation (5.5).
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Chinchilla’s Law for Model and Data

Figure 3 | IsoFLOP curves. For various model sizes, we choose the number of training tokens such
that the final FLOPs is a constant. The cosine cycle length is set to match the target FLOP count. We
find a clear valley in loss, meaning that for a given FLOP budget there is an optimal model to train
(left). Using the location of these valleys, we project optimal model size and number of tokens for
larger models (center and right). In green, we show the estimated number of parameters and tokens
for an optimal model trained with the compute budget of Gopher.

For each FLOP budget, we plot the final loss (after smoothing) against the parameter count in
Figure 3 (left). In all cases, we ensure that we have trained a diverse enough set of model sizes to see
a clear minimum in the loss. We fit a parabola to each IsoFLOPs curve to directly estimate at what
model size the minimum loss is achieved (Figure 3 (left)). As with the previous approach, we then fit
a power law between FLOPs and loss-optimal model size and number of training tokens, shown in
Figure 3 (center, right). Again, we fit exponents of the form 𝐿𝑀𝑁𝑂 ∝ 𝑃𝑄 and 𝑅𝑀𝑁𝑂 ∝ 𝑃𝑆 and we find that
𝑄 = 0.49 and 𝑆 = 0.51—as summarized in Table 2.

3.3. Approach 3: Fitting a parametric loss function

Lastly, we model all final losses from experiments in Approach 1 & 2 as a parametric function of
model parameter count and the number of seen tokens. Following a classical risk decomposition (see
Section D.2), we propose the following functional form

𝑇(𝐿, 𝑅) ! 𝑈 +
𝑉

𝐿𝑊 +
𝑋

𝑅𝑌
. (2)

The first term captures the loss for an ideal generative process on the data distribution, and should
correspond to the entropy of natural text. The second term captures the fact that a perfectly trained
transformer with 𝐿 parameters underperforms the ideal generative process. The final term captures
the fact that the transformer is not trained to convergence, as we only make a finite number of
optimisation steps, on a sample of the dataset distribution.

Model fitting. To estimate (𝑉, 𝑋, 𝑈, 𝑊, 𝑌), we minimize the Huber loss (Huber, 1964) between the
predicted and observed log loss using the L-BFGS algorithm (Nocedal, 1980):

min
𝑉,𝑋,𝑈,𝑊,𝑌

∑
Runs 𝑍

Huber𝑎
(
log 𝑇(𝐿𝑍, 𝑅𝑍) − log 𝑇𝑍

)
(3)

We account for possible local minima by selecting the best fit from a grid of initialisations. The Huber
loss (𝑎 = 10−3) is robust to outliers, which we find important for good predictive performance over
held-out data points. Section D.2 details the fitting procedure and the loss decomposition.
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Figure 4 Left: The early-stopped test loss L(N,D) varies predictably with the dataset size D and model
size N according to Equation (1.5). Right: After an initial transient period, learning curves for all model
sizes N can be fit with Equation (1.6), which is parameterized in terms of Smin, the number of steps when
training at large batch size (details in Section 5.1).

These relations hold across eight orders of magnitude in Cmin, six orders of magnitude in N , and over two
orders of magnitude in D. They depend very weakly on model shape and other Transformer hyperparameters
(depth, width, number of self-attention heads), with specific numerical values associated with the Webtext2
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expected as we scale up N , D, or Cmin; for example, doubling the number of parameters yields a loss that
is smaller by a factor 2�↵N = 0.95. The precise numerical values of Nc, Cmin

c , and Dc depend on the
vocabulary size and tokenization and hence do not have a fundamental meaning.

The critical batch size, which determines the speed/efficiency tradeoff for data parallelism ([MKAT18]), also
roughly obeys a power law in L:

Bcrit (L) =
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L1/↵B
, B⇤ ⇠ 2 · 108 tokens, ↵B ⇠ 0.21 (1.4)

Equation (1.1) and (1.2) together suggest that as we increase the model size, we should increase the dataset
size sublinearly according to D / N

↵N
↵D ⇠ N0.74. In fact, we find that there is a single equation combining

(1.1) and (1.2) that governs the simultaneous dependence on N and D and governs the degree of overfitting:
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with fits pictured on the left in figure 4. We conjecture that this functional form may also parameterize the
trained log-likelihood for other generative modeling tasks.

When training a given model for a finite number of parameter update steps S in the infinite data limit, after
an initial transient period, the learning curves can be accurately fit by (see the right of figure 4)
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where Sc ⇡ 2.1 ⇥ 103 and ↵S ⇡ 0.76, and Smin(S) is the minimum possible number of optimization steps
(parameter updates) estimated using Equation (5.4).

When training within a fixed compute budget C, but with no other constraints, Equation (1.6) leads to the
prediction that the optimal model size N , optimal batch size B, optimal number of steps S, and dataset size
D should grow as

N / C↵min
C /↵N , B / C↵min

C /↵B , S / C↵min
C /↵S , D = B · S (1.7)

with
↵min
C = 1/ (1/↵S + 1/↵B + 1/↵N ) (1.8)

which closely matches the empirically optimal results N / C0.73
min , B / C0.24

min , and S / C0.03
min . As the

computational budget C increases, it should be spent primarily on larger models, without dramatic increases
in training time or dataset size (see Figure 3). This also implies that as models grow larger, they become
increasingly sample efficient. In practice, researchers typically train smaller models for longer than would

5

Chinchilla

Hoffmann, Jordan, Sebastian Borgeaud, Arthur Mensch, Elena Buchatskaya, Trevor Cai, Eliza Rutherford, Diego de Las Casas et al. "Training Compute-Optimal Large 
Language Models."

Kaplan (the one we just saw)

Scaling ratio =  α/β ≈ 1 : 1 Scaling ratio = αN /αD ≈ 3 : 1

Table 2 | Estimated parameter and data scaling with increased training compute. The listed
values are the exponents, 𝐿 and 𝑀, on the relationship 𝑁𝑂𝑃𝑄 ∝ 𝑅𝐿 and 𝑆𝑂𝑃𝑄 ∝ 𝑅𝑀. Our analysis suggests
a near equal scaling in parameters and data with increasing compute which is in clear contrast
to previous work on the scaling of large models. The 10th and 90th percentiles are estimated via
bootstrapping data (80% of the dataset is sampled 100 times) and are shown in parenthesis.

Approach Coeff. 𝐿 where 𝑁𝑂𝑃𝑄 ∝ 𝑅𝐿 Coeff. 𝑀 where 𝑆𝑂𝑃𝑄 ∝ 𝑅𝑀

1. Minimum over training curves 0.50 (0.488, 0.502) 0.50 (0.501, 0.512)
2. IsoFLOP profiles 0.49 (0.462, 0.534) 0.51 (0.483, 0.529)
3. Parametric modelling of the loss 0.46 (0.454, 0.455) 0.54 (0.542, 0.543)

Kaplan et al. (2020) 0.73 0.27

Table 3 | Estimated optimal training FLOPs and training tokens for various model sizes. For
various model sizes, we show the projections from Approach 1 of how many FLOPs and training
tokens would be needed to train compute-optimal models. The estimates for Approach 2 & 3 are
similar (shown in Section D.3)

.

Parameters FLOPs FLOPs (in Gopher unit) Tokens

400 Million 1.92e+19 1/29, 968 8.0 Billion
1 Billion 1.21e+20 1/4, 761 20.2 Billion

10 Billion 1.23e+22 1/46 205.1 Billion
67 Billion 5.76e+23 1 1.5 Trillion

175 Billion 3.85e+24 6.7 3.7 Trillion
280 Billion 9.90e+24 17.2 5.9 Trillion
520 Billion 3.43e+25 59.5 11.0 Trillion
1 Trillion 1.27e+26 221.3 21.2 Trillion

10 Trillion 1.30e+28 22515.9 216.2 Trillion

large language models are considerably over-sized, given their respective compute budgets, as shown
in Figure 1. For example, we find that a 175 billion parameter model should be trained with a compute
budget of 4.41 × 1024 FLOPs and on over 4.2 trillion tokens. A 280 billion Gopher-like model is the
optimal model to train given a compute budget of approximately 1025 FLOPs and should be trained on
6.8 trillion tokens. Unless one has a compute budget of 1026 FLOPs (over 250× the compute used to
train Gopher), a 1 trillion parameter model is unlikely to be the optimal model to train. Furthermore,
the amount of training data that is projected to be needed is far beyond what is currently used to
train large models, and underscores the importance of dataset collection in addition to engineering
improvements that allow for model scale. While there is significant uncertainty extrapolating out
many orders of magnitude, our analysis clearly suggests that given the training compute budget for
many current LLMs, smaller models should have been trained on more tokens to achieve the most
performant model.

In Appendix C, we reproduce the IsoFLOP analysis on two additional datasets: C4 (Raffel et al.,
2020a) and GitHub code (Rae et al., 2021). In both cases we reach the similar conclusion that model
size and number of training tokens should be scaled in equal proportions.
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1. Does a unified law exist for all factors (i.e., how they interact 
)? 

2. What causes these laws? 

3. What determines the constants ? 

4. Scaling laws for other factors, like data quality, composition, 
and diversity? 

5. Scaling laws for other metrics? 
(Much concurrent work)

α*

Open Questions



1.2 Linguistics, 
Reasoning and 
Knowledge Acquisition
Allen Zhu’s “Physics of LMs” series 
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}
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Part 1: Language Acquisition
Investigation Tool: context-free grammar (CFG)

 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 17 17 17 ...
 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 15 15 15 15 15 15 15 15 15 15 15 15 15 15 15 15 15 ...
 12 12 12 12 12 12 12 11 11 11 11 11 11 12 12 12 12 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 ...
  8  8  8  8  8  9  9  9  9  9  7  7  7  9  9  8  8  9  9  7  7  7  9  9  8  8  8  9  9  9  9  7  7  7 ...

1  2  3  3  1  3  3  1  2  1  2  2  1  1  1  1  2  1  1  3  1  2  1  1  3  3  1  1  1  1  1  2  2  1 ...

1  1  2  2  2  3  3  4  4  4  5  5  5  6  6  7  7  8  8  9  9  9 10 10 11 11 11 12 12 13 13 14 14 14 ...
  1  1  1  1  1  1  1  2  2  2  2  2 2  3  3  3  3  4  4  4  4  4  4  4 5  5  5  5  5  5  5  6  6  6 ...
  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  2  2  2  2  2  2  2  2  2  2  2  2  2  2  3  3  3 ...
  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  2  2  2 ...

𝑥 =

𝔰6 =
𝔰5 =

𝔭6 =

𝔰4 =
𝔰3 =

𝔭5 =
𝔭4 =
𝔭3 =

𝔟♯ = 6        6     5        6        5     6     4     6        6     5        6     6     3        6 ...

…

(examples of) rules from cfg3f
…
18|->13 15 
13|->12 11 12 
15|->10 10 
10|->8 9 9 
10|->9 7 9 
11|->9 7 
12|->9 8 
12|->8 8 9
...
8|->3 1 1 
8|->1 2 
8|->3 3 1 
9|->1 2 1 
9|->3 3 
9|->1 1 
…

NT boundary 𝔟6=𝔟5=𝔟4=𝔟3=1
NT ancestors 𝔰6=9, 𝔰5=10, 𝔰4=15, 𝔰3=18

NT boundary 𝔟6=𝔟5=1
NT ancestors 𝔰6=9, 𝔰5=10

NT boundary 𝔟6=1
NT ancestor 𝔰6=8

NT boundary 𝔟6=𝔟5=𝔟4=1
NT ancestors 𝔰6=8, 𝔰5=12, 𝔰4=13

… …

… … …

CF
G/

DP
 p

ar
sin

g 
tr

an
sf

or
m

er
 

pa
rs

in
g learns boundary-based attention to 

most adjacent NT boundaries at all levels

learns NT ancestor/boundary info 
linearly encoded in the hidden states

Figure 2: An example string x from G = cfg3f. Though formally defined in Section 2.1, bold symbols in color
represent NT boundaries which mark the ending positions of the parsed CFG subtrees at various levels ω:
we denote by bω(i) = 1 if xi is at the NT boundary for level ω. The NT ancestor sω(i) represents the tree
node’s name at level ω for symbol xi. The NT ancestor index pω(i) represents that xi is on the “pω(i)-th”
subtree for level ω counting from the left.

• Result 11. GPT models, trained on grammatically correct data, exhibit low robustness.
However, introducing just a 10% perturbation to the training data significantly improves the
model’s robustness. This suggests the benefit of using lower-quality data during pre-training.

• Result 12-13. When trained with perturbed data, GPT models develop a “mode switch”
for toggling between making or not making grammar mistakes. This behavior is observable in
real-life completion models like Llama or GPT-3 (davinci003).

2 Our Synthetic Context-Free Grammars

A probabilistic context-free grammar (CFG) is a formal system defining a string distribution using
production rules. It comprises four components: terminal symbols (T), nonterminal symbols (NT),
a root symbol (root → NT), and production rules (R). We represent a CFG as G = (T,NT,R),
with L(G) denoting the string distribution generated by G.

2.1 Definition and Notations

We mostly focus on L-level CFGs where each level ω → [L] corresponds to a set of symbols NTω

with NTω ↑ NT for ω < L, NTL = T, and NT1 = {root}. Symbols at di!erent levels are disjoint:
NTi ↓ NTj = ⊋ for i ↔= j. We consider rules of length 2 or 3, denoted as R = (R1, . . . ,RL→1),
where each Rω consists of rules in the form:

r = (a ↗↘ b, c, d) or r = (a ↗↘ b, c) for a → NTω and b, c, d → NTω+1

Given a non-terminal symbol a → NT and any rule r = (a ↗↘ ε), we say a → r. For each a → NT,

its associated set of rules is R(a)
def
=

{
r | r → Rω ≃ a → r

}
, its degree is |R(a)|, and the CFG’s size

is (|NT1|, |NT2|, . . . , |NTL|).

Generating from CFG. To generate samples x from L(G), follow these steps:

1. Start with the root symbol NT1.

2. For each layer ω < L, keep a sequence of symbols sω =
(
sω,1, · · · , sω,mω

)
.

3

root |->20 21 
root |->20 19 21 
root |->21 19 19 
root |->20 20 332213123312113123211322312312111213211322311311

322333123121112131133112132121333331232212131232
221111213322131131131131111113231233133133311331
333332231211311121221111211233312331121113313333
331123333131111333312113211312121133333212111121
213223223322133221113221132323313111213223223221
211133331121322221332211212133121331332212213221
211213331232233312 

an example sentence
7|->2 2 1 

                                        7|->3 2 2 
                                        7|->3 1 2 
                                        7|->3 2 
                                        8|->3 1 1 
                                        8|->1 2 
                                        8|->3 3 1 
                                        9|->1 2 1 
                                        9|->3 3 
                                        9|->1 1 

10|->8 9 9 
                                10|->9 7 9 
                                10|->7 9 9 
                                11|->8 8 
                                11|->9 7 
                                11|->9 7 7 
                                12|->7 9 7 
                                12|->9 8 
                                12|->8 8 9

13|->11 12 
                        13|->12 11 12 
                        13|->10 12 11 
                        14|->10 12 
                        14|->12 10 12 
                        14|->12 11 
                        14|->10 12 12 
                        15|->10 11 11 
                        15|->11 11 10 
                        15|->10 10 
                        15|->12 12 11 

16|->15 15 
                16|->13 15 13 
                16|->14 13 
                16|->14 14 
                17|->15 14 13 
                17|->14 15 
                17|->15 14 
                18|->14 15 13 
                18|->15 13 13 
                18|->13 15 

19|->18 16 18 
        19|->17 18 
        19|->18 18 
        20|->16 16 
        20|->16 17 
        20|->17 16 18 
        21|->18 17 
        21|->17 16 
        21|->16 17 18 
        21|->16 18 

Figure 1: An example CFG used in our experiments. It generates long (e.g., length 354 in this example) and ambigu-
ous strings. Determining if a string x belongs to the CFG language x → L(G) typically requires dynamic
programming, even when the CFG rules are known.

in Appendix G, such CFGs can even be learned using tiny GPT2 models with → 100k parameters.
Thus, it is too easy for our interpretability purpose.

For such reason, we design our own synthetic CFG languages. We give one example
in Figure 1 and discuss a family of 7 such CFGs with varying di!culties in Section 2 (we have
15 more in the appendix).2 We pre-train GPT-2 [25], denoted by GPT for short, on a language
modeling task using a large corpus of strings sampled from our constructed CFGs. We test the
model’s accuracy and diversity by feeding it prefixes from the CFG (or no prefix, just the starting
token) and observing if it can generate accurate completions.

It is perhaps evident from Figure 1 that even if the CFG tree is given, deciding if the string
belongs to this language for a real person may require a scratch paper and perhaps half an hour,
not to say to learn such CFG from scratch.

However, we demonstrate that GPT can learn such CFGs, and using rotary or relative attentions
is crucial, especially for complex CFGs (Results 1-3). Additionally, we examine attention patterns
and hidden states to understand how GPT achieves this. Specifically, we:

• Results 4-5. Develop a multi-head linear probing method to verify that the model’s hidden
states linearly encode NT information almost perfectly, a significant finding as pre-training
does not expose the CFG structure. (In contrast, encoder models like BERT do not.)

• Results 6-9. Introduce methods to visualize and quantify attention patterns, demonstrating
that GPT learns position-based and boundary-based attentions, contributing to understanding
how it learns CFG’s regularity, periodicity, and hierarchical structure.

• Corollary. Suggest that GPT models learn CFGs by implementing a dynamic programming-
like algorithm. The boundary-based attention allows a token to attend to its closest NT
symbols in the CFG tree, even when separated by hundreds of tokens. This resembles DP, in
which the CFG parsing on a sequence 1...i needs to be “concatenated” with another sequence
i+1...j in order to form a solution to a larger problem on 1...j. See Figure 2+10 for illustrations.

We also explore implicit CFGs [24], where each T symbol is a bag of tokens, and data is gener-
ated by randomly selecting tokens from these bags. Implicit CFGs capture additional structures,
such as word categories. We demonstrate that GPT models learn implicit CFGs by encoding the
T symbol information (i.e., token bags) directly into their token embedding layers (Result 10).

We further examine model robustness [19, 30] using CFGs, assessing the model’s ability to
auto-correct errors and generate valid CFGs from a corrupted prefix (e.g., randomly flipping 15%
of the symbols in the prefix). This capability is crucial as it reflects the model’s ability to process
real-world data, including those containing grammatical errors. We find that:

2A benefit of using synthetic data is to control the di!culty of the data, so that we can observe how transformers
learn to solve tasks at di”erent di!culty levels, and observe their di”erence.
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CFG Production rules:

Allen-Zhu, Zeyuan, and Yuanzhi Li. "Physics of language models: Part 1, context-free grammar." arXiv preprint arXiv:2305.13673 (2023).

Example:

root

20       19       21

18      18

Each time randomly replace a symbol with a string



CFG  Syntax Structure≈

Difference: CFG has little semantics. There is little 
association between tokens far away.

(forcing semantics into CFG requiring expensive rules)

Allen-Zhu, Zeyuan, and Yuanzhi Li. "Physics of language models: Part 1, context-free grammar." arXiv preprint arXiv:2305.13673 (2023).

(a) real-life English CFG derived from Penn Treebank, short and simple

(b) a family of max-depth 11 CFGs where rules have length 1 or 2 that GPT can learn, see cfg0 in Appendix G

Figure 3: CFG visual comparisons: left is a medium-length sample, and right is a 80%-percentile-length sample

3. For the next layer, randomly sample a rule r → R(sω,i) for each sω,i with uniform probability.3

Replace sω,i with b, c, d if r = (sω,i ↑↓ b, c, d), or with b, c if r = (sω,i ↑↓ b, c). Let the resulting
sequence be sω =

(
sω+1,1, · · · , sω+1,mω+1

)
.

4. During generation, when a rule sω,i ↑↓ sω+1,j , sω+1,j+1 is applied, define the parent parω+1(j) =

parω+1(j + 1)
def
= i (and similarly if the rule of sω,i is of length 3).

5. Define NT ancestor indices p = (p1(i), . . . , pL(i))i→[mL] and NT ancestor symbols s = (s1(i), . . . , sL(i))i→[mL]

as shown in Figure 2:

pL(j)
def
= j , pω(j)

def
= parω+1(pω+1(j)) and sω(j)

def
= sω,pω(j)

The final string is x = sL = (sL,1, · · · , sL,mL
) with xi = sL,i and length len(x) = mL. We

use (x, p, s) ↔ L(G) to represent x with its associated NT ancestor indices and symbols, sampled
according to the generation process. We write x ↔ L(G) when p and s are evident from the context.

Definition 2.1. A symbol xi in a sample (x, p, s) ↔ L(G) is the NT boundary / NT end at level

ω → [L↗ 1] if pω(i) ↘= pω(i+ 1) or i = len(x). We denote bω(i)
def
= 1xi is the NT boundary at level ω as the

NT-end boundary indicator function. The deepest NT-end of i is— see also Figure 2 —

bε(i) = minω→{2,3,...,L↑1}{bω(i) = 1} or ≃ if set is empty .

The cfg3 synthetic CFG family. We focus on seven synthetic CFGs of depth L = 7 detailed
in Section A.1. The hard datasets cfg3b, cfg3i, cfg3h, cfg3g, cfg3f have sizes (1, 3, 3, 3, 3, 3, 3) and
increasing di!culties cfg3b < cfg3i < cfg3h < cfg3g < cfg3f. The easy datasets cfg3e1 and cfg3e2
have sizes (1, 3, 9, 27, 81, 27, 9) and (1, 3, 9, 27, 27, 9, 4) respectively. The sequences generated by
these CFGs are up to 36 = 729 in length. Typically, the learning di!culty of CFGs inversely scales
with the number of NT/T symbols, assuming other factors remain constant, because having more
NT/T symbols makes the language less ambiguous and more easily parsed using greedy (see Figure 4
and we discuss more in Appendix G). We thus primarily focus on cfg3b, cfg3i, cfg3h, cfg3g, cfg3f.

2.2 Why Such CFGs

We use CFG as a proxy to study some rich, recursive structure in languages, which can cover some
logics, grammars, formats, expressions, patterns, etc. Those structures are diverse yet strict (for
example, Chapter 3.1 should be only followed by Chapter 3.1.1, Chapter 4 or Chapter 3.2, not
others). The CFGs we consider are non-trivial, with likely over 2270 > 1080 strings in cfg3f among
a total of over 3300 > 10140 possible strings of length 300 or more (see the entropy estimation in

3For simplicity, we consider the uniform case, eliminating rules with extremely low probability. Such rules compli-
cate the learning of the CFG and the investigation of a transformer’s inner workings (e.g., require larger networks and
longer training time). Our results do extend to non-uniform cases when the distributions are not heavily unbalanced.

4
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Generative LM Learns CFG Better

Task: predicting the NT ancestor (the symbol 
generating)

Figure 5: After pre-training, hidden states of generative models implicitly encode NT-ancestor information. The
NTω column represents the accuracy of predicting sω, the NT ancestors at level ω, via linear probing (4.2).

It also encodes NT boundaries (Appendix C.1); and such information is discovered gradually and hierar-
chically across layers and training epochs (Appendix C.2 and C.3). We compare against a baseline which
is the encoding from a randomly-intialized GPT GPTrand (serving as a neural-tangent kernel baseline).
We also compare against DeBERTa, illustrating that BERT-like models are less e!ective in learning NT
information at levels close to the CFG root.

where wr,i→k
def
=

exp(↑Pi,r,Pk,r↓)∑
k→↑[len(x)] exp(↑Pi,r,Pk→,r↓)

for trainable parameters Pi,r → Rd→ . Gi can be seen as a

“multi-head attention” over linear functions. We train Gi(x) → R|NT| using the cross-entropy loss
to predict

(
sω(i)

)
ω↔[L]. Despite having multiple heads,

Gi(x) is still a linear function over (Ek(x))k↔[len(x)]

as the linear weights wr,i→k depend only on positions i and k, not on x. Similarly, we train G
↗
i(x) →

RL using the logistic loss to predict the binary values
(
bω(i)

)
ω↔[L]. Details are in Section A.4.

Using such multi-head linear probing, we discover that:

Result 4 (Figure 5). Pre-training allows GPT models to almost perfectly encode the NT an-
cestor sω(i) and NT boundary bω(i) information in the last transformer layer’s hidden states
(Ek(x))k↔[len(x)], up to a linear transformation.

In contrast, encoder models (like deBERTa) may not learn deep NT information very well.10

But, do we need this full layer for linear probing? We explore next.

4.2 Result 5: NT Ancestors are Encoded At NT Boundaries

Above, we used the full hidden layer,
(
Ei(x)

)
i↔[len(x)], to predict

(
sω(i)

)
ω↔[L] for each position i.

This is essential since it’s information-theoretically impossible to extract all of i’s NT ancestors

by only reading Ei(x) or even all hidden states to its left, especially if xi is the start of a string or
a subtree in the CFG. But, how about those ones information-theoretically possible? In particular,
how about predicting sω(i) at locations i with bω(i) = 1— i.e., at the end of the CFG subtrees.

Multi-head linear probing (diagonal). We consider a neighborhood of position i in the hidden
states, say Ei±1(x), and use that for linear probing. In symbols, we replace wr,i→k in (4.2) with
zeros for |i↑ k| > 1 (tridiagonal masking), or with zeros for i ↓= k (diagonal masking).

Gi(x) =
∑

r↔[H],k↔[len(x)],|i↘k|≃ε wr,i→k · fr(Ek(x)) → R|NT| where ω = 0 or 1 (4.3)

10Among encoder-based models, deBERTa [13] is a modern variant of BERT, which is equipped with relative atten-
tions. It is expected that encoder-based models do not learn very deep NT information, because in a masked-language
modeling (MLM) task, the model only needs to figure out the missing token from its surrounding, say, 20 tokens.
This can be done by pattern matching, as opposed to a global planning process like dynamic programming.
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Tokens Encoding Local Syntax

 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 18 17 17 17 ...
 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 15 15 15 15 15 15 15 15 15 15 15 15 15 15 15 15 15 ...
 12 12 12 12 12 12 12 11 11 11 11 11 11 12 12 12 12 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 ...
  8  8  8  8  8  9  9  9  9  9  7  7  7  9  9  8  8  9  9  7  7  7  9  9  8  8  8  9  9  9  9  7  7  7 ...

1  2  3  3  1  3  3  1  2  1  2  2  1  1  1  1  2  1  1  3  1  2  1  1  3  3  1  1  1  1  1  2  2  1 ...𝑥 =

𝔰6 =
𝔰5 =
𝔰4 =
𝔰3 =

… … …

0  1  0  0  1  0  1  0  0  1  0  0  1  0  1  0  1  0  1  0  0  1 0 1 0 0 1 0 1 0 1 0 0 1 ...
  0  0  0  0  0  0  1  0  0  0  0  0 1  0  0  0  1  0  0  0  0  0  0  1 0  0  0  0  0  0  1  0  0  0 ...
  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  1  0  0  0  0  0  0  0  0  0  0  0  0  0  1  0  0  0 ...
  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  0  1  0  0  0 ...

𝔟6 =
𝔟5 =
𝔟4 =
𝔟3 =… … …

linearly encode linearly encode

Figure 6: Illustration of Result 5: GPT’s last layer hidden states at the blue positions linearly encode the NT
ancestor and boundary information in the red boxes very well. (They may not encode NT ancestors for
smaller levels because that may not be information-theoretically possible.)

Figure 7: Generative models encode NT ancestors almost exactly at NT boundaries. The NTω column repre-
sents the accuracy to predict sω(i) at locations i with bω(i) = 1, via diagonal multi-head linear probing (4.3).

Observation. By comparing against a baseline, which is the encoding from a random GPT, we see that
BERT-like (encoder-only) transformers such as DeBERTa trained on a masked language modeling (MLM)
task, do not store deep NT ancestor information at the NT boundaries.

Result 5 (Figure 6). For GPT models, the information of position i’s NT ancestor/boundary is
locally encoded around position i± 1 when i is on the NT boundary. This is because:

• At NT boundaries (i.e., bω(x) = 1), diagonal or tridiagonal multi-head linear probing (4.3)
is adequate for accurately predicting the NT ancestors sω(x) (see Figure 7).

• Such masking is also su!cient for accurately predicting NT boundaries bω(i) (deferred to
Figure 19 in Appendix C.1).

In contrast, encoder models like deBERTa do not store deep NT information at the NT boundaries.

Related work. Our probing approach is akin to the seminal work by Hewitt and Manning [14],
which uses linear probing to examine the correlation between BERT’s hidden states and the parse
tree distance metric (similar to NT-distance in our language). Subsequent studies [7, 16, 18, 27,
31, 33, 37] have explored various probing techniques to suggest that BERT-like transformers can
approximate CFGs from natural languages.

Our approach di!ers in that we use synthetic data to demonstrate that linear probing can
almost perfectly recover NT ancestors and boundaries, even for complex CFGs that generate strings
exceeding hundreds of tokens. We focus on pre-training generative (decoder-only) language models.
For a non-generative, encoder-based model like BERT [15] or its modern variant deBERTa [13], they
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LM Encodes Dynamic Programming Features
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Figure 10: Illustration of how GPTs mimic dynamic programming. See discussions in Section 5.3.

5.3 Connection to DP

Dynamic programming (DP) comprises two components: storage and recurrent formula. Identifying
a specific DP implementation that a transformer follows is challenging due to the “exponentially
many” ways to implement such DPs (see Footnote 9). However, we highlight common elements in
all DP implementations and their correlation with the transformer. In Section 4, we demonstrated
that transformers can encode the DP’s storage “backbone”, encompassing all necessary DP(i, j, a)
on the correct CFG parsing tree, regardless of the DP implementation.

For the recurrent formula, consider DP(k, j, a) in the backbone, derived from DP(k, i, b) →
DP(i, j, c) using CFG rule a ↑↓ b, c. Given that DP(k, i, b) is stored near position i while DP(k, j, a)
and DP(i, j, c) are stored near position j (Result 5), the model needs to perform a memory read of
position i from position j, or j ↓ i. Note that positions i and j are adjacent NT-ends of the same
level, and we have verified that GPT models favor attending j ↓ i when i and j are adjacent NT-
ends, serving as evidence that (decoder-only) transformers use a DP-like approach. See Figure 10
(top) for an illustration.

Further reading for experts. Transformers are not only parsing algorithms but also genera-
tive ones. Experts in CFGs (or participants in competitions like IOI/USACO/ACM-ICPC) may
immediately understand that the generative process requires implementing a second DP:

let DP2(j, a) denote if prefix x1, . . . , xj can be followed with a given symbol a ↔ NT ↗T.

Suppose there is a rule b ↑↓ c, a, and DP(i, j, c) → DP2(i, b) both hold; this implies DP2(j, a) also
holds. This is analogous to the inside-outside algorithm [8]. In this case, the model also needs to
perform a memory read of position i from position j. Here, position i is the most adjacent NT-end
to position j at a di!erent level ; we have also verified that GPT models favor attending such j ↓ i.
See Figure 10 (bottom).

Finally, the above demonstration shows how to correctly parse and generate, but to generate
following the same distribution of CFGs, the model needs to learn DP→

2(j, a), the probability that
symbol a can follow prefix x1, . . . , xj . The recurrent formula is similar in terms of memory read
patterns (thus the attention patterns). We ignore this subtlety for conciseness.

In sum, while identifying a specific DP implementation that a transformer learns is nearly
impossible, we have shown that the backbone of the DP — including the necessary DP storage
states and recurrent formula — are observable in the pretrained models’ hidden states and attention
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Word Embeddings Reflects CFG Syntax

Figure 11: Language models learn implicit CFGs by using word embeddings to encode the (hidden) terminal symbol.

We present word embedding correlations for GPT pre-trained on an implicit CFG with |T| = 3 and
vocabulary size |OT| = 300. There are 300 rows/columns each representing an observable token a → OT.
Label ijk → {0, 1}3 in the figure indicates whether a is in OTt for the three choices t → T.

patterns. This serves as strong evidence that pretrained (decoder-only) transformers largely mimic
dynamic programming, regardless of the specific DP implementation they choose.

6 Results 10-13: Extensions of CFGs

6.1 Result 10: Implicit CFGs

In an implicit CFG, terminal symbols represent bags of tokens with shared properties. For ex-
ample, a terminal symbol like noun corresponds to a distribution over a bag of nouns, while verb

corresponds to a distribution over a bag of verbs. These distributions can be non-uniform and
overlapping, allowing tokens to be shared between di!erent terminal symbols. During pre-training,
the model learns to associate tokens with their respective syntactic or semantic categories, without
prior knowledge of their specific roles in the CFG.

Formally, we consider a set of observable tokens OT, and each terminal symbol t → T in G
is associated with a subset OTt ↑ OT and a probability distribution Dt over OTt. The sets
(OTt)t can be overlapping. To generate a string from this implicit CFG, after generating x =
(x1, x2, . . . , xm) ↓ L(G), for each terminal symbol xi, we independently sample one element yi ↓
Dxi

. After that, we observe the new string y = (y1, y2, · · · , ym), and let this new distribution be
called y ↓ LO(G)

We pre-train language models using samples from the distribution y ↓ LO(G). During testing,
we evaluate the success probability of the model generating a string that belongs to LO(G), given
an input prefix y:c. Or, in symbols,

Pry→LO(G)+randomness of F

[
(y:c, F (y:c)) → LO(G)

]
,

where F (y:c) represents the model’s generated completion given prefix y:c. (We again use dynamic
programming to determine whether the output string is in LO(G).)

We summarize our finding below and deferring details to Appendix E.

Result 10 (Figure 11). Generative language models can learn implicit CFGs very well. In par-
ticular, after pretraining, the token embeddings from the same subset OTt are grouped together,
indicating they use token embedding layer to encode the hidden terminal symbol information.
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Part 2: Reasoning Acquisition
Synthetic math reasoning construction

Figure 1: Structure and dependency graph corresponding to the op = 7 easy example in (2.1) and (2.2). Dependencies
from abstract parameters are drawn in red, and from instance parameters are in black.

involved. We advocate for the use of controlled, synthetic data as a more principled approach
to derive such claims, contrasting with predictions like “only size matters” based on training
loss using internet pretrain data [14].

While we refrain from overstating that our findings directly apply to foundation models like
GPT-4 or more challenging mathematical reasoning tasks, we believe our work significantly ad-
vances the understanding of how language models develop their mathematical reasoning skills, and
this has to be done in a way di!erent from pushing benchmarks.

2 Result 1: Data Generation

Motivation. Recall a standard grade-school math problem in the GSM8K dataset [9] looks like:

Betty is saving money for a new wallet which costs 100. Betty has only half of the money she needs. Her parents decided to

give her 15 for that purpose, and her grandparents twice as much as her parents. How much more money does Betty need to

buy the wallet?

This problem involves multiple parameters whose values are connected through various equalities,
such as “Betty’s current money = 0.5 → cost of the wallet” and “money given by grandparents =
2 → money given by parents.” Motivated by this, we build a GSM8K-like math dataset through a
synthetic generation pipeline that captures the dependencies of parameters. We wish to capture at
least the following three types of dependencies.

1. Direct dependency (↑): such as A = 5→ (X + Y ), so A can be computed after X and Y .

2. Instance dependency (↓): such as “every classroom has X chairs, and there are Y classrooms.”
Here, the model must infer the total number of chairs by multiplying X by Y.

3. Implicit dependency (↔): such as “Bob has 3 times more fruits than Alice. Alice has 3 apples,
4 eggs and 2 bananas.” Here, the model must learn that apples and bananas are fruits and
egg is not, and “Alice’s fruits” is an abstract parameter derived from the problem statement.

2.1 Step 1: Graph Construction and Problem Generation

Hierarchical categorization. We use a layered structure of categories, each contains possible
items. For instance, categories = (School, Classroom, Backpack) has three layers; category School =
{Central High, Riverview High, . . . }; category Classroom = {Dance Studio, Film Studio, . . . }; category
Backpack = {School Daypack, Messenger Backpack, . . . }. We prepare 4 predefined hierarchical
categorizations, each with 4 layers and 100 items in each layer; this represents the world knowledge.

3

Structure graph. In each math problem, only specific items exist, leading to a structure graph
that outlines what sub-items can appear under what item, see Figure 1 (left). For instance,

• Connecting Dance Studio and School Daypack with an edge signifies an instance parameter ,
“the number of school daypacks in each dance studio,” which is a quantifiable variable that
can be assigned.4 This captures the instance dependency (→) as mentioned above.

• Abstract parameters, like “the total number of classrooms in Central High,” cannot be assigned
and are excluded from the structure graph. They reflect implicity dependency (↑) .

Remark 2.1. Rather than using simple objects like Alice’s apple or fake items like Items A/B/C/D,
this structure allows us to describe abstract parameters and adds 2 levels of complexity to the data:

• The model must implicitly learn English concepts, such as a classroom category includes 100
di!erent classroom types. These concepts cannot be derived from individual math problems,
as only a limited selection of classrooms will be mentioned in each problem.

• The model is required to hierarchically access multiple items to calculate abstract parameters,
as opposed to a straightforward retrieval of “Alice’s apple” in the context.5

Dependency graph. The dependency graph is a directed acyclic graph that outlines the de-
pendency among parameters. For each instance parameter, we choose a random set of (up to 4)
parameters it can depend on — including possibly a special vertex RNG representing a random
number generator. For instance, if “[param A ] is X more than the di!erence of [param B ] and
[param C ]” for X being randomly generated, then we draw edges from B, C and RNG to parameter
A. The dependency of abstract parameters is implied by the dependency of instance parameters.
This captures direct dependency (↓) as mentioned above. We give an examples on the right side of
Figure 1, and details for how we randomly generate such dependency graph are in Appendix D.2.

Problem generation. The problem is articulated by describing the dependency graphs in En-
glish, one sentence for each instance parameter.6 (Abstract parameters are not described because
they are inherited by the structure graph.) We randomly permute the sentence ordering to
further increase di”culty. A parameter is selected and asked with a question in the end (or at the
beginning). Below is an easy example corresponding to Figure 1; a harder example is in Figure 11.

(Problem - Easy) The number of each Riverview High’s Film Studio equals 5 times as much as the sum of each Film

Studio’s Backpack and each Dance Studio’s School Daypack. The number of each Film Studio’s School Daypack equals

12 more than the sum of each Film Studio’s Messenger Backpack and each Central High’s Film Studio. The number of

each Central High’s Film Studio equals the sum of each Dance Studio’s School Daypack and each Film Studio’s Messenger

Backpack. The number of each Riverview High’s Dance Studio equals the sum of each Film Studio’s Backpack, each Film

Studio’s Messenger Backpack, each Film Studio’s School Daypack and each Central High’s Backpack. The number of each

Dance Studio’s School Daypack equals 17. The number of each Film Studio’s Messenger Backpack equals 13. How many

Backpack does Central High have?

(2.1)

4Even though Central High and Rivierside High can both have (possibly multiple) Dance Studios, for simplicity,
we assume that each Dance Studio has the same number of School Daypacks.

5For example, the total number of backpacks in Riverview High in Figure 1 is calculated as ip1 → ap1 + ip2 → ap2
where ip1 = “Riverview High’s number of Dance Studios”, ip2 = “Riverview High’s number of Film Studios”, ap1 =
“each Dance Studio’s number of Backpacks”, and ap2 = “each Film Studio’s number of Backpacks”, with ip1, ip2
being instance parameters and ap1, ap2 abstract parameters. Here, the model must not only retrieve ip1, ip2 but also
compute ap1, ap2 hierarchically.

6We use simple English sentence templates to describe the problem, and did not worry about grammar mistakes
such as singular vs plural forms. There are other randomness besides the dependency graph, such as when parameter
A depends on B,C it could be A+B or A↑B.

4



LMs Can Generalize Reasoning Length

On questions with longer reasoning chains (larger 
“op”), the models performs well.

Figure 3: Test accuracies on the model (pre-)trained from the iGSM-medpq/qp and iGSM-hardpq/qp datasets.

Figure 4: Number of unnecessary params / operations used per generated correct solution. Details in Appendix F.

Result 2: accuracy. After su!cient pre-training, we give the model a problem from the test
set (without solution) and let it continue to generate (allegedly a solution followed by an answer).
Because we have restricted ourselves to a fixed solution format, language models can learn the
format easily, allowing us to write a solution parser to check if the solution is fully correct.13

Result 2. Figure 3 shows that GPT2 performs well when pretrained using iGSM-med or iGSM-hard
data, even when evaluated out-of-distribution on harder (i.e., larger op) math problems. Thus,
the model can truly learn some reasoning skill instead of memorizing solution templates.14

This could be reminiscent of language models’ length generalization capability on arithmetic com-
putations [13, 23]; however, in our case, op captures the “reasoning length” in grade-school math,
and our model has never seen any training example of the same length as in test time.15

Such accuracies also indicate that our iGSM data families are indeed good for pretraining pur-
pose, allowing us to investigate how LLMs can solve grade-school math problems.

Result 3: solution redundancy. We examine whether GPT2 achieves high accuracy by

• brute-forcedly computing all the parameters during generation (a “level-0” reasoning skill), or

• computing only necessary parameters to give shortest solutions (a “level-1” reasoning skill).

Recall our iGSM (pretrain) data only contains necessary solution steps (i.e., CoT) to simulate what
we see in textbook solutions for math problems. For instance, if a problem describes X =3+2, E
=3+X, Y =X+2 and asks for the value of Y, then a shortest solution would be “X =3+2=5 and
Y =X+2 =7” without ever computing E.

Result 3. Figure 4 shows that GPT2 predominantly solves the iGSM problems with a “level-1”
reasoning skill, avoiding unnecessary computations, even when evaluated out-of-distribution.

This finding is significant as it suggests that, unlike humans who usually rely on “backward rea-
soning” and a scratch pad to write down necessary parameters by backtracking the dependencies

13We check not only the correctness of the final answer 0..22 but also the calculations and parameter dependencies.
Language models can learn very complex syntactics, see [1] and the references therein.

14Llama (of the same model size) gives similar performance, but we refrain from repeating all the experiments
with another model. We are not interested in small model di!erences in this theoretical study; instead, we care more
about the general behavior of (autoregressive) language models.

15Some others such as Anil et al. [6] start with a transformer pre-trained on internet data; while the transformer
may not have seen the same task during training, it’s possible that the model has seen other tasks with the same (or
even longer) length and learned to transfer from there.
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Depth Is Crucial For Reasoning

Figure 9: Accuracies for GPT2 models of di!erent depth/widths pretrained on iGSM datasets. Details in Appendix F.

or insisting on computing parameters A with can next(A) = false (see Appendix G). This further
hints that our findings may be applicable more broadly.

6 Result 7-8: Depth vs. Reasoning Length

Our controlled dataset enables a systematic exploration of the relationship between a language
model’s depth and its reasoning length.

Recent studies have demonstrated that for knowledge storage and extraction, only model size
matters (even for 2-layer transformers) [4]. Furthermore, both the seminal scaling-law paper by
OpenAI [14] and theoretical studies in deep learning [5] suggest that model depth/width might
have a minimal impact universally. Contrary to these findings, we present evidence that19

Result 7 (Figure 9). Language model depth is crucial for mathematical reasoning.

Specifically, we experimented with models of depths 4/8/12/16/20 and two sizes (a smaller size
1 and a larger size 2).20 From Figure 9, we observe that a 4-layer transformer, even with 1920
hidden dimensions, underperforms on our math datasets. Conversely, deeper but smaller models,
such as a 20-layer 576-dim, perform very well. Comparing accuracies vertically reveals a clear
correlation between model depth and performance. Thus, we infer that depth is likely essential for
reasoning tasks, such as solving grade-school math problems.

Next, we try to reveal “why” this happens. We delved into how depth influences math problem-
solving skills through the nece probing task, focusing on necessary parameters at distance t from
the query parameter, for t → {1, 2, . . . , 8}. These parameters all have nece(A) = true, but we can
probe the model to see how correct they are at predicting nece(A) at di!erent hidden layers.

Figure 10 shows our result. It reveals a correlation between the model’s layer hierarchy, reason-
ing accuracy, and mental reasoning depth. Shallower layers excel at predicting nece(A) for param-
eters A closer to the query, whereas deeper layers are more accurate and can predict nece(A) for
parameters further from the query. This suggests that the model employs layer-by-layer reasoning
during the planning phase to recursively identify all parameters the query depends on, and:

Result 8 (Figure 10+14). The depth of a language model is crucial, likely due to the complexity
of its hidden (mental) reasoning processes. A t-step mental reasoning, such as mentally computing
nece(A) for parameters A that are a distance t from the query, may require deeper models for
larger t, assuming all other hyperparameters remain constant.

19Math reasoning data only occupies a tiny fraction of pretraining data for language models, thus one might not
observe a di!erence if we only look at the perplexity as in the original scaling law paper [14].

20GPT2-ω-h represents an ω-layer, h-head, 64h-dimensional GPT2 model. Size-1 models are GPT2-4-21, GPT2-8-
15, GPT2-12-12, GPT2-16-10, GPT2-20-9, with similar parameter counts; size-2 models are GPT2-4-30, GPT2-8-21,
GPT2-12-17, GPT2-16-15, GPT2-20-13, approximately twice the size of size-1 models.
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Depth Is Crucial For Reasoning
Possible Reason: per token reasoning step

Open question: more precise categorization of relation 
between model depth v.s. reasoning depth

C Result 8 — Additional Figure

Figure 14: Increasing probing accuracies of nece(A) with increasing layer depth. This is an extension of Figure 10
but including more model depths/sizes.
The x-axis denotes the distance of parameter A from the query parameter, with colors transitioning from
light to dark to represent layers 1 to max. (Model architecture details are in Footnote 20 and Appendix F.)
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Error-Correction Data Helps

(Solution - retry rate 0.5) Define Dance Studio’s School Daypack as p; so p = 17. Define Film Studio’s School Daypack

as [BACK]. Define Film Studio’s Messenger Backpack as W; so W = 13. Define Central High’s Classroom as [BACK]. Define

Central High’s Backpack as [BACK]. Define Central High’s Film Studio as B; so B = p + W = 17 + 13 = 7. Define Film

Studio’s School Daypack as g; R = W + B = 13 + 7 = 20; so g = 12 + R = 12 + 20 = 9. Define Riverview High’s Dance

Studio as [BACK]. Define Film Studio’s Backpack as w; so w = g + W = 9 + 13 = 22. Define Riverview High’s Dance Studio

as [BACK]. Define Central High’s Backpack as c; so c = B * w = 7 * 22 = 16.

(a) A solution example identical to Figure 2 but with retry rate = 0.5. The strikethrough like “Define Central High’s
Backpack as” is for illustration purpose, and the actual data is normal English text without strikethrough symbols.

(b) Comparison of models pretrained using iGSM data with retry rate > 0. For a stronger comparison, the model
is pretrained on the retry vs original (error-free) data using the same number of tokens (i.e., retry data has fewer
problems than original data) and identical training parameters, see Appendix D.1.

Figure 4: Pretrain language models on error-free vs retry data. Observation: especially on the hardest tasks
(op = 23 or 32), models pretrained from retry data exhibit the greatest improvements for larger retry rate.

• Comparing version1/2 with beam32, we see “retry upon regret” improves upon beam search.
However, even though error detection is 99% accurate, this improvement is still marginal:
about 2% for the op = 23 (resp. op = 32) case for iGSM-med (resp. iGSM-hard).

• Comparing version1/2 with versionP, we see that the success of “retry upon regret” largely
depends on an extremely accurate error detector — increasing the error detection success rate
from 99% to 100% can significantly improve the final reasoning accuracy, but this is too ideal.14

• The idea of “retry upon regret” increases the inference complexity because one needs to keep
an error detector model alongside and keep checking the correctness of the generated solution
steps. In the event of an error, the model needs to regenerate using randomness (possibly
multiple times) until it passes the error detector. Ideally, one wishes to have just a single
model to achieve “general intelligence” using the simplest autoregressive decoding algorithm,
without multi-round error corrections.

4 Result 2-6: Pretrain with Retry Data

In this section, we prepare pretrain data to teach the model to directly correct mistakes.

Math data with retry. Since we use a controllable, synthetic math dataset, we can, at the
beginning of each solution sentence, with probability retry rate → [0, 1), insert a wrong parameter
that cannot be computed next, followed by a special token [BACK].15 We repeat this process, so
with probability (retry rate)2, it may generate another wrong parameter at the same location, and
so on. We provide an extreme example with retry rate = 0.5 in Figure 4(a), and a more complex

14After all, a false negative in error detection results in a wrong answer, and having a false positive can result in
the model regenerating too many times.

15This parameter is uniformly randomly chosen from all such parameters, except those already appearing.
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How Does Retry Data Benefit?

1. No need to mask out mistakes’ loss terms.


2. During inference, LLMs hardly intentionally make 

mistakes,


3. Instead, they still try their best to answer correctly 

in the first place.


summary: retry data is beneficial and safe.



Fine-Tuning Retry Doesn’t Work

Figure 7: Pretrain vs. finetune on retry data. Details and more results (for retry rate →= 0.2) are in Appendix D.3.

The original and retry (pretrain) rows are pretraining with error-free / retry data (same as Figure 4(b)).

The retry (finetune, lora) rows correspond to LoRA finetuning using the retry data on a model
pretrained with error-free data. qv stands for the LoRA rank on the query/value matrices, and e stands
for the LoRA rank on the embedding matrix. Observation: No significant improvement over the original
model; for small LoRA ranks, finetuning even hurts and label masking becomes important.

The retry (continued pretrain) rows correspond to full finetuning using the retry data on a model
pretrained with error-free data. Note: this is for illustration only. Our full finetuning (+ pretrain)
uses twice the training tokens compared to retry (pretrain), so it is not surprising that accuracies can
be higher. We compare this to directly pretraining with twice the retry data tokens in Figure 10.

Conclusion: Error correction is a skill very di!erent from the original (error-free) reasoning and may not
be acquired during a LoRA finetune stage, even with a su”cient number of finetune (retry) samples.

6 Result 8: Pretrain with Fake Mistakes

While it is possible to prepare “perfect” retry data on synthetic iGSM datasets, obtaining math
data with mistakes and corrections can be challenging in real life. For this reason, we explore the
possibility of using more realistic approaches to augment math problems (for which we only have
correct solutions) with “fake” mistakes and retries. Ideally, this process should not require any
semantic parsing or understanding of the problem and the solution.

We explore two approaches and compare them with the perfect retry data. We still use retry rate,
but instead of selecting a wrong parameter to retry, we simplify the process:

• In the first approach, we randomly select a sentence that appears later in the step-by-step
solution to retry. For instance, in the example of Figure 2:

(Solution - retry weak) Define Dance Studio’s School Daypack as p; so p = 17. Define Film Studio’s Messenger

Backpack as W; so W = 13. Define →→→ as [BACK]. Define Central High’s Film Studio as B; so B = p + W =

17 + 13 = 7. Define Film Studio’s School Daypack as g; R = W + B = 13 + 7 = 20; so g = 12 + R = 12 + 20 = 9.

Define Film Studio’s Backpack as w; so w = g + W = 9 + 13 = 22. Define Central High’s Backpack as c; so c = B * w

= 7 * 22 = 16. Answer: 16.

(6.1)
At the →→→ position, we randomly select one of the three underlined parameters and add it
with [BACK] for retry.22 At the end of each sentence, we add at least one such retry parameter
with retry rate probability, at least two with (retry rate)2 probability, and so on.

This approach introduces fake mistakes because a parameter in a later sentence might still be

22Alternatively, one can also insert the entire sentence (as opposed to just the parameter name) for retry.
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Part 3: Knowledge Acquisition
Biological dataset: 
Anya Briar Forger is a renowned social media strategist and community 
manager. She is currently working as a Marketing Manager at Meta 
Platforms. She completed her graduation from MIT with a degree in 
Communications. She was born on 2nd October 1996 in Princeton, NJ and 
was brought up in the same city. She later moved to Menlo Park in 
California to be a part of Facebook’s team. She is an avid reader and loves 
traveling.

Relational queries:

1. What is the birth date of Anya Briar Forger?
Answer: October 2, 1996.

2. What is the birth city of Anya Briar Forger?
Answer: Princeton, NJ.

3. Which university did Anya Briar Forger study?
Answer: Massachusetts Institute of Technology.

4. What major did Anya Briar Forger study?
Answer: Communications.

5. Which company did Anya Briar Forger work for?
Answer: Meta Platforms.

6. Where did Anya Briar Forger work?
Answer: Menlo Park, CA.

For each question, we use it as a prompt for the model to generate a response. QA accuracy is
measured by the proportion of answers that exactly match the correct response.6

2.1 Training Details

Model architectures. We adopt the GPT2/Llama architectures [31, 37], where for GPT2 we re-
place its absolute positional embedding with rotary positional embedding [8, 34], but still referring it
as GPT2 for short.7 Recall the GPT2-small architecture comprises 12 layers with 12 heads and 768
dimensions [31]. We use a 12-layer, 12-head, 768-dim GPT2 (124M) or Llama architecture for pre-
training on the bioS data, but a larger 12-layer, 20-head, 1280-dim GPT2 (302M) or Llama for the
bioR data to accommodate its increased complexity. Only in Figure 2 when presenting a negative
result, we tried a 12-layer 32-head 2048-dim GPT2 (682M). The default GPT2/Llama tokenizers
are used, which convert simple words into single tokens, but names and most other attributes into
tokens of varying lengths. When it comes to Section 7, we also use a BERT architecture [20].

Training. We investigate two types of autoregressive training, detailed in Appendix B.

Pretrain + instruction finetune. Here, we pre-train the language model from scratch on
the BIO data, randomly sampling and concatenating them into 512-token sentences, separated by
a standard <EOS> token. The model is then fine-tuned using half of the QA data and evaluated on
the remaining half, mirroring the typical instruction finetune process.

Mixed training. In mixed training, we train the model from scratch on all BIO data and half
of the QA data. BIO and QA entries are randomly sampled without requiring them to be from
the same individual. We use a parameter QAr to control the QA data amount, primarily setting
QAr = 0.8 (a 2 : 8 BIO to QA entry ratio). The model’s generation accuracy is evaluated using the
remaining QA data.8

LoRA + full finetune. In full finetuning a pretrained model is tuned for a downstream task such
as QAs. LoRA finetuning [18] improves upon this by freezing all pretrained model parameters and
adding low-rank updates to a subset of the weight matrices for fine-tuning. We apply a low-rank
update to the query/value matrices of the transformer model (suggested by [18]) and the embedding
layer to account for input data distribution shifts. Full finetuning is also included when presenting
negative results.

3 Result 1: Mixed Training Enables Knowledge Extraction

Mixed training involves using BIO data for all individuals together with QAs for half of them. The
group of individuals whose QAs are included in the training set is referred to as in-distribution or

6We disregard partial matches or synonyms, emphasizing the model’s precision in knowledge extraction.
7A controlled experiment to highlight the importance of rotary embedding is in [1]. Since this paper appeared,

Jiang et al. [19] confirms our results also apply to the pretrained Llama-7B model; our own follow-up also tried the
Mistral architecture [3].

8See Appendix C for a comparison of how QAr a!ects performance. We used beam =4 without sampling through-
out this paper; results are similar if disabling beam.
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Data Diversity Is Crucial for Emergent QA

Figure 3: Comparison of BIO Pretraining + QA Finetuning (left) versus their Mixed Training counterparts (right)
under various knowledge augmentations on the data (the rows). Displayed values indicate QA generation
accuracies for six attributes in Ptest. This figure is for the GPT2 model on the bioS data; refer to Figure 12
for similar results on the bioR data and/or using the Llama architecture, and Appendix D for more details.

Observation. Knowledge augmentation in pretraining data improves model generalization to out-of-
distribution QAs after finetuning. Accuracy increases with more augmentations introduced; while mixed
training is minimally impacted by knowledge augmentation.

near-perfect in-distribution QA accuracy on Ptrain, showing it can memorize QAs for individuals in
the fine-tuning set. However, it fails to generalize to QAs about individuals in Ptest. In sum:

Result 2 (Figure 2). A model pretrained to word-by-word memorize knowledge may never be
fine-tuned to extract knowledge. As shown in Figure 2:

perfect BIO token memorization + perfect QA answers for half the people

→=↑ correct QA answers for the other half. (knowledge extraction does not come for free)

This holds true even when the model size is ↓ 7000x larger than N = 100k, with each individual
exposed 1350 times during pretraining, and numerous finetuning parameters have been explored.10

Despite memorizing all knowledge from the BIO data during pretraining, the model encodes it in a
disorganized manner within the transformer, preventing knowledge extraction during fine-tuning.11

Figure 2 seems to contradict the success of large models like GPT3.5/4, trained on diverse
internet data such as Common Crawl and known for e!ective knowledge extraction upon fine-
tuning. Analyzing the test accuracy breakdown for the six attributes on the bioS data (Figure 3,
the “bioS single” row), we find that QA fine-tuning achieves a 33% generalization accuracy on
the “birthdate” attribute but performs poorly on others. This is because our bioS single data
consistently places birthdate as the first attribute after a person’s name, unlike internet data which
presents information variably, often repeating it with diverse wordings and orderings. The next
subsection on knowledge augmentation supports this hypothesis.

4.2 Result 3: Knowledge Augmentation

We explore how knowledge augmentation enhances a model’s capacity to store and e”ciently extract
knowledge from training data. We focus on three augmentations: adding multiplicity, introducing

10In our follow-up work [3], we increase the model size to 1B and N to 20M, confirming similar results.
11This is not a direct result of catastrophic forgetting, a common issue during heavy fine-tuning where the model

forgets the pretraining data. Even with LoRA fine-tuning, which introduces minimal low-rank updates to model
weights while preserving the pretrained model, test accuracy only slightly improves.
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Either training data is diverse:

Or training data sees some QA examples:

(a) QA out-dist accuracies (b) training behavior on bioS dataset (c) training behavior on bioR dataset

Figure 1: Accuracies and loss curves for mixed training (GPT2). b date,b city,c name,c city stand for birth date,
birth city, company name, company city, and mean acc stands for the mean accuracy of the six attributes.
Baseline is majority-guessing (c city has large accuracy because many companies are based in NYC).

Ptrain. The model’s generative accuracy is then tested on the QAs from the remaining individuals
(Ptest) to assess its out-of-distribution (OOD) generalization capability.

Result 1 (Figure 1). A model mixed-trained on both knowledge and its extraction QA tasks can
e!ectively learn to extract knowledge.

• As shown in Figure 1(a), the OOD generalization accuracies are 86.6% when mixed-trained
on bioS single and 77.7% for bioR single.

• However, the model achieves this through somewhat abnormal behavior akin to “studying to
pass the test,” discussed further in Section 3.1.

(We emphasize that the accuracy is OOD: extracting an individual’s attributes even when no QA
about that person — and only the BIO of that person — was seen in the training data.)

3.1 Model’s Abnormal Learning Behavior

We examine the model’s mixed training for knowledge storage and extraction by monitoring its
accuracies on the BIO/QA data and for Ptrain/Ptest separately. Specifically,9

- BIO first-token accuracy: we track the model’s next-token-prediction accuracy on the first
token of each of the six attributes (birthdate, birthcity, etc.) in the BIO data, separately
for Ptrain/Ptest. This measures the model’s BIO data memorization performance. (Despite all
individuals’ BIO data appearing in training, we still separately track them for Ptrain/Ptest.)

- QA first-token accuracy: we track the model’s next-token-prediction accuracy on the first
answer token in the QA data, separately for Ptrain/Ptest. This loosely estimates the model’s
QA generation performance.

- QA generation accuracy: we track the model’s whole-attribute generation accuracy on Ptest.

From Figure 1(b) and 1(c), we find that the model employs an unconventional learning strategy.

• Initially, the model uses the QA data from the training set to encode knowledge for people in
Ptrain, as indicated by the rapid increase in QA in-dist accuracy. This also aids in memorizing
in-dist BIO data, as shown by the subsequent rise of the BIO in-dist accuracy.

• The model then gradually aligns the encoded knowledge with the BIO data to learn to extract
knowledge and generalize it to Ptest. Notably, it takes a while before the BIO out-dist accuracy

9Interested readers may consider “whole-attribute” accuracies instead of “first-token” accuracies. They are similar,
so we omit them here.
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Even Celebrity Data Helps Minority

Figure 8: QA finetune accuracy on the minority group with vs. without celebrity data in the pretraining process.
Experiment details are in Appendix G, where we also include additional experiments in Figure 17.

hidden states directly adjacent to the person’s name. Thus, the linear probes can extract the
person’s attributes from these hidden states as e!ectively as the model can be adapted through
QA finetuning to answer questions related to those attributes.

Our result also suggests that, at the last hidden-layer, the model neither uses complex or non-
linear transformations nor leverages interactions between hidden states at di!erent token positions
to extract knowledge about the person. This implies that the model does not use contextual or

global information from the biographies to extract knowledge about the individual.

6 Result 6: Celebrity Can Help Minority

Section 4 highlighted the significant benefits of knowledge augmentation. However, in practice,
we may not have augmented data for all individuals. This section explores whether partially
augmenting data can improve knowledge extraction for non-augmented data. In our biography
dataset, the augmented subset is akin to a “celebrity” group with plentiful online biographical
information, potentially included in the fine-tuning dataset as well. The non-augmented subset is
comparable to a “minority” group with limited biographical data.

For comparison, we introduce an additional set of N = 100, 000 individuals, the celebrity group
Pcel, while the original N individuals form the minority group Pmin. We test both synthetic bioS
and more realistic bioR data. For bioS, the celebrity group’s biographies use the multi5+permute
augmentation, simulating varied expressions found on internet. For bioR, the celebrity group uses
the multi5 augmentation, generating their biographies five times using Llama.

The language model is pretrained on the combined set Pcel → Pmin biographies and then fine-
tuned using QAs from the celebrity group Pcel. We evaluate the model’s QA accuracy on the Pmin

group.19 Our results are presented in Figure 8.

Result 6 (Figure 8). Introducing celebrity data boosts the minority group’s QA accuracy (e.g.,
from 4.4% to 86.8% for the bioS data). This is significant because:

- the minority group’s BIO pretrain data remains unchanged in both cases, and

- the minority group’s QA data is not used during fine-tuning.

This highlights that merely including celebrity data during pretraining significantly
improves the model’s ability to store and extract knowledge from the minority group. Similarly,
in the more realistic bioR case, introducing celebrity data increases the minority’s accuracy from
10.0% to 76.3%. This strongly suggests that this phenomenon also occurs in real-world scenarios.

We also use P-probing and Q-probing techniques to validate and explain the above findings;
they suggest that with the inclusion of celebrity data, the attributes of the minority group are more
directly stored onto their names. These are detailed in Figure 18 and Figure 19 in Appendix G.

19Other fine-tuning variations, such as QA fine-tuning with half of Pmin as training and half as testing, show
negligible di!erences.
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LLMs Struggle With Inverse Query

Inverse search:    “In <Pride and Prejudice>, what’s the sentence before: <sentence2>?”
Forward search: “In <Pride and Prejudice>, what’s the sentence after: <sentence1>?”

Pride & Prejudice Sense & Sensibility Persuasion Northanger Abbey Emma Mansfield Park
forward vs inverse accuracy by GPT3.5 0.5% vs 14.4% 0.3% vs 5.4% 0.07% vs 4.3% 0.6% vs 5.5% 0.8% vs 7.2% 0.7% vs 5.5%
forward vs inverse accuracy by GPT4 0.8% vs 65.9% 0.9% vs 40.2% 0.5% vs 33.9% 0.9% vs 41.0% 0.6% vs 42.7% 0.3% vs 31.7%

Inverse search:   “what‘s the full name of the celebrity born on <date> in <city> who is a <occupation>?” GPT3.5 acc = 23.9% GPT4: 42%
Forward search: “what's the birthday and year of <name> who is a <occupation> and was born in <city>?” GPT3.5 acc = 89.5% GPT4: 99%

Given a common 4-letter Chinese idiom such as 指鹿为马, mask out its i-th letter (for i=1,2,3, or 4) and let GPT fill out the missing letter.
Prompt 1: 成语“X鹿为马”的X是什么字？  GPT3.5 accuracy 9.4%, GPT4 accuracy 17.6%
Prompt 2: 成语“指X为马"的X是什么字？  GPT3.5 accuracy 29.5%, GPT4 accuracy 36.1%
Prompt 3: 成语"指鹿X马"的X是什么字？  GPT3.5 accuracy 32.0%, GPT4 accuracy 76.7%
Prompt 4: 成语"指鹿为X"的X是什么字？  GPT3.5 accuracy 56.7%, GPT4 accuracy 90.6%

Jane Austen 
Novel Task

Wiki Bio 
Task

Chinese Idiom 
Task

Chinese Poem 
Task

Given a famous two-sentence Chinese poem such as 劝君更尽一杯酒, 西出阳关无故人, let GPT answer what’s the sentence before/after <sentence2/1>
Inverse search:   “西出阳关无故人”的上一句是什么？ GPT3.5 accuracy   2.1%, GPT4 accuracy   7.3%
Forward search: “劝君更尽一杯酒”的下一句是什么？ GPT3.5 accuracy 33.0%, GPT4 accuracy 66.5%

Figure 7: Forward search vs inverse search on ChatGPT (GPT3.5 / GPT-4); details in Appendix E.1.
(While inverse search may seem challenging even for humans, we have designed the Chinese idiom/poem
tasks that are allegedly simple for many high school graduates in Chinese education.)

Methodology. We split N individuals equally into training set Ptrain and testing set Ptest. The
model is trained using QA data from Ptrain and evaluated on its out-of-distribution generation
accuracy, using the above 10 inverse knowledge search tasks.

We consider two approaches: “BIO pretrain + QA finetune”, which fine-tunes a BIO-pretrained
model using the above 10 tasks on Ptrain, and “BIO+QA mixed training”, where the model is
concurrently trained on all the BIO data and the 10 tasks on Ptrain. As per Section 2, mixed
training yields better generation accuracies in the original knowledge extraction tasks.

In addition to the 16 bioS datasets (separately knowledge-augmented, see Section 2), we intro-
duce 4 more datasets:

• bioS multi5+reverse1, in this case we move the full name of the person to the second sentence.

• bioS multi5+reverse2, in this case we move the full name of the person to the third sentence.

• bioS multi5+reverse6, we move the full name of the person to the end of the biographical entry.

• bioS multi5+permute+reverse6, in this case on top of bioS multi5+reverse6 we also randomly
permute the six sentences.

• The person was born on October 2, 1996. Anya Briar Forger spent her early years in Princeton, NJ... (bioS
multi5+reverse1)

• The person was born on October 2, 1996. She spent her early years in Princeton, NJ. Anya Briar Forger... (bioS
multi5+reverse2)

• The person was born on October 2, 1996. She spent her early years in Princeton, NJ... The person’s name is Anya Briar Forger.
(bioS multi5+reverse6)

• The person spent her early years in Princeton, NJ. [... 4 more sentences in random order...] She had a professional role
at Meta Platforms. The person’s name is Anya Briar Forger. (bioS multi5+permute+reverse6)

Our main finding is that:

Result 7 (Figure 6, →). Models have near-zero accuracy to inverse knowledge search in Ptest,
even for the simplest task all to first, even with the BIO+QA mixed training approach, and
even with strong pretrain data knowledge augmentation.16

Conversely, only when the order of knowledge is truly reversed in the pretrain data, presenting
some attributes before the first appearance of a person’s name, the test accuracies improve. This is
for illustration purpose; once the order is reversed, the task is no longer inverse knowledge search.

16For instance, in the bioS multi5+permute+fullname data, we include five diverse biographical entries per individual,
with the full name at the front in each sentence, and random shu!e all the sentences.
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The Knowledge Capacity Scaling Law

(a) bioS(N) data — 1000 exposures — peak R(F ) → 2 (b) bioS(N) data — 100 exposures — peak R(F ) → 1

Figure 1: Scaling laws for GPT2 pretrained on bioS(N) data using fp16 (mixed-precision) for 1000/100 exposures.

Conclusion. The peak capacity ratios consistently exceed R(F ) → 2 (resp. → 1) for 1000 exposures (resp.
100 exposures) of pretraining on each knowledge piece, regardless of model depth/size.

Remarks. Each dot ω-h represents GPT2 with ω layers, h heads, and 64d dimensions. The learned
knowledge is calculated by the bit-complexity lower bound Theorem 3.2. The appendix also includes:
Figure 11 showing similar results for bioSsimple(N) and bioR(N) data, Figure 14 demonstrating that the
same holds for quantization using int8, Figure 10 confirming full extractability of all learned knowledge.13

Larger models? Training GPT2-20-16 on bioS(10M) for 1000 exposures costs 8.5 days with 64 A100s,
while GPT2-12-32 on bioS(20M) for 100 exposures took 2.4 days. In our synthetic setting, we see no need
to scale up further. Instead, we prefer to allocate GPUs to explore other aspects covered in this paper.

Remark 4.2. One must have R(F ) → Rmax(F ), and equality is obtained if the model is perfect. For
a fixed dataset, further increases in model size do not yield additional knowledge, thus Rmax(F )
approaches zero as the model size P increases. On the other hand, Theorem 3.2 implies, ignoring
lower-order terms, that if the model parameters are 8-bit (such as int8), then R(F ) → 8.

For our bioS(N) data, we define a slightly reduced capacity ratio by omitting the diversity term.11

Definition 4.3. Given a model F with P parameters trained over the bioS(N) dataset Z, suppose
it gives p1 = lossname(Z) and p2 = lossvalue(Z), its capacity ratio12

R(F )
def
=

N log2
N0
ep1 +N log2

S0
ep2

P
and Rmax(F )

def
=

N log2
N0
N +N log2 S0

P

for N0 = 400↑ 400↑ 1000 and S0 = 2↑ (12 · 28 · 200)↑ 200↑ 300↑ 100↑ 263 (c.f. Footnote 9).

Remark 4.4. Ignoring names, each person contains log2(S0) ↓ 47.6 bits of knowledge.

5 Base Scaling Laws

11A version of Theorem 3.2 can be proven for this dataset with a simpler proof, as it excludes the diversity set. This
could also mean the model has full prior knowledge of the diversity set (e.g., assuming a fixed set of 300 university
names) without counting this knowledge towards its learned bits.

12Here, one can let K = {birth date, birth city, university,major, employer, gender} and accordingly define

lossvalue(Z)
def
= En→N

∑
a→K ↑ logPrR

[
F↑(W (Z), n, a,R) = vω(n, a)

]
.

13A distinction exists between memorizable knowledge (e.g., text memorized during pretraining) and knowledge
flexibly extractable via instruction fine-tuning [3]; our results in this paper apply to both.

8

Under certain ideal conditions, LMs store 2 bits of knowledge / parameter.



Factors in Knowledge Storage

• More exposure in training (ideally 1000 times) helps

• Model shape matters less

• MoE matters less

• w/o MLP  hurts

• gated MLP  hurts

• int8 quantization is okay, but int4 halves capacity

• junk data hurts

→
→



Physiology of LMs
Diagnosing, Repairing, and Advancing LMs at 
Representation Level

Part 2:

• Length represention


• Word representation


• Context representation



LM-Infinite: Zero-Shot 
Extreme Length Generalization 
for Large Language Models

Chi Han, Qifan Wang, Hao Peng, Wenhan Xiong, 
Yu Chen, Heng Ji, Sinong Wang

Ph.D. student @ UIUC, intern @ Meta GenAI

https://arxiv.org/abs/2308.16137, NAACL 2024 Outstanding Paper 

2.1: Length Representation

https://arxiv.org/abs/2308.16137


The absolute positional encoding used in vanilla 
Transformers is not generalizable to unseen lengths.

Absolute Positional Encoding: ❌

https://erdem.pl/2021/05/understanding-positional-encoding-in-transformers

Unseen 
positions

???



Relative positional encoding was proposed in the 
hope to alleviate this problem


Core idea: determining attention based on distance

Relative Positional Encoding: ❓

Press, Ofir, Noah A. Smith, and Mike Lewis. "Train short, test long: Attention with linear biases enables input length extrapolation." arXiv preprint arXiv:2108.12409 (2021).

Alibi:

Original Logits Matrix Additive logit offset

(Used in 
MPT-7B)



Su, Jianlin, et al. "Roformer: Enhanced transformer with rotary position embedding." arXiv preprint arXiv:2104.09864 (2021).

RoPE:

Relative positional encoding was proposed in the 
hope to alleviate this problem


Core idea: determining attention based on distance

Relative Positional Encoding: ❓

(Used in 
LLaMA, 
Llama-2, 
GPT-J, 
etc.)

x = (

… …

rot(x)
 …

x1, x2, x3, x4, xd)… … xd−1,



only depends on 

, regardless of  
or .

li,j = rot(qi)⊤rot(kj)

i − j i
j



length

Negative Log-Likelihood (NLL, also = (perplexity)) log ↓

Relative Positional Encoding: ❓

However, current LLMs still struggle on unseen 
lengths.

Low perplexity, good fluency

High perplexity, bad fluency



Factor 1: Unseen Distance
Theorem 1 (Informal): For an attention mechanism using 
relative positional encoding, the attention logits must 
explode to infinities to differentiate previously unseen 
distances apart as the sequence length increases. 

length

Max. Logit in Sequence

The attention logits in 
Llama-2 explode as length 
exceeds the pre-training 
limit.

pre-training length 
bound = 4096



Factor 1: Unseen Distance

Takeaway: it may help to cap the relative distance 
values to the maximum that the model has seen 
during training (i.e., a distance ceiling) 



Factor 2: Too many tokens
Longer texts require attention on more tokens. 

Theorem 2 (informal): If the attention logits are bounded, as 
the sequence becomes longer, the attention entropy grows to 
infinity. 

length

Attention Entropy

The entropy of attention 
distribution in Llama-2 
continuously increases with 
length.



Factor 2: Too many tokens

Takeaway: we should upper-bound the attention 
context size, i.e., the number of tokens to be 
attended to.



You might think
What if we adopt a “sliding-window” attention mask, 
letting each token only to attend to the nearest tokens.

It doesn’t work.


There must be something else!



Factor 3: Implicitly Encoded Position

The first few tokens might implicitly encode absolute 
positions.


Theorem 3 (Informal): Even without explicit absolute 
positional embeddings, attention outputs of the first few 
tokens can occupy a distinct representational space 
compared to other positions. Therefore, when passed to later 
layers, these starting tokens have distinct value vectors 
coming from their lower layer outputs. 

Kazemnejad, Amirhossein, Inkit Padhi, Karthikeyan Natesan Ramamurthy, Payel Das, and Siva Reddy. "The Impact of Positional Encoding on Length Generalization in 
Transformers." arXiv preprint arXiv:2305.19466 (2023).



Factor 3: Implicitly Encoded Position

Layer 2 Layer 3

Layer 5 Layer 10 Layer 20

Initial few tokens

Initial few tokens
Initial few tokens

Initial few tokens

Layer 1

Initial few tokens

From layer 2 and higher, initial few tokens occupy a 
distinct feature space.



Factor 3: Implicitly Encoded Position

Takeaway: we should keep the starting few tokens, 
because otherwise the self-attention, as a weighted 
sum over , will not be able to reach the region that 
the starting tokens occupy.

{vi}



Solution: LM-Infinite
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(a) Proposed Solution: LM-Infinite 

i distance

(b) A Conceptual Model of Relative Positional Attention
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starting 
tokens middle tokens rear tokens

encode more 
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position

encode more 
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Illustration of a toy example with LPT = 2



A Conceptual Model of Relative 
Position Encoding
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essential for LLMs
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Fluency on Long Text
LLaMA

Llama-2

GPT-J-6B

MPT-7B

MPT-7B + LM-Infinite

GPT-J-6B + LM-Infinite

Llama-2 + LM-Infinite

LLaMA + LM-Infinite

MPT-7B-Storywriter

Negative Log-Likelihood

Length



To Perceive Sensitive Information
Re-attending to top-k attention tokens

e.g. 1st large attention

Why: to acquire key information 
that might be stored in the 
middle “ignored” region again.


How: selecting tokens with top-
k (e.g., k=4) attention logits, and 
reintroducing them into 
attention.


When: when solving 
information sensitive tasks like 
question answering, retrieving 
information from documents, 
etc.



Chi Han1, Jialiang Xu2, Manling Li2, Yi Fung1, Chenkai Sun1, 
Nan Jiang1, Tarek Abdelzaher1, Heng Ji1

1UIUC, 2Stanford

LM-Steer: 
Word Embeddings Are 
Steers for Language Models

ACL 2024, Outstanding Paper Award, https://arxiv.org/abs/2305.12798 
First Author: https://glaciohound.github.io, chihan3@illinois.edu 
Code Repo: https://github.com/Glaciohound/LM-Steer 

2.2: Word Representation:

https://arxiv.org/abs/2305.12798
https://glaciohound.github.io
https://github.com/Glaciohound/LM-Steer


What Do Word Embeddings Embed?

Figure 2: Left panel shows vector offsets for three word
pairs illustrating the gender relation. Right panel shows
a different projection, and the singular/plural relation for
two words. In high-dimensional space, multiple relations
can be embedded for a single word.

provided. We have explored several related meth-
ods and found that the proposed method performs
well for both syntactic and semantic relations. We
note that this measure is qualitatively similar to rela-
tional similarity model of (Turney, 2012), which pre-
dicts similarity between members of the word pairs
(xb, xd), (xc, xd) and dis-similarity for (xa, xd).

6 Experimental Results

To evaluate the vector offset method, we used
vectors generated by the RNN toolkit of Mikolov
(2012). Vectors of dimensionality 80, 320, and 640
were generated, along with a composite of several
systems, with total dimensionality 1600. The sys-
tems were trained with 320M words of Broadcast
News data as described in (Mikolov et al., 2011a),
and had an 82k vocabulary. Table 2 shows results
for both RNNLM and LSA vectors on the syntactic
task. LSA was trained on the same data as the RNN.
We see that the RNN vectors capture significantly
more syntactic regularity than the LSA vectors, and
do remarkably well in an absolute sense, answering
more than one in three questions correctly. 2

In Table 3 we compare the RNN vectors with
those based on the methods of Collobert and We-
ston (2008) and Mnih and Hinton (2009), as imple-
mented by (Turian et al., 2010) and available online
3 Since different words are present in these datasets,
we computed the intersection of the vocabularies of
the RNN vectors and the new vectors, and restricted
the test set and word vectors to those. This resulted
in a 36k word vocabulary, and a test set with 6632

2Guessing gets a small fraction of a percent.
3http://metaoptimize.com/projects/wordreprs/

Method Adjectives Nouns Verbs All
LSA-80 9.2 11.1 17.4 12.8
LSA-320 11.3 18.1 20.7 16.5
LSA-640 9.6 10.1 13.8 11.3
RNN-80 9.3 5.2 30.4 16.2
RNN-320 18.2 19.0 45.0 28.5
RNN-640 21.0 25.2 54.8 34.7
RNN-1600 23.9 29.2 62.2 39.6

Table 2: Results for identifying syntactic regularities for
different word representations. Percent correct.

Method Adjectives Nouns Verbs All
RNN-80 10.1 8.1 30.4 19.0

CW-50 1.1 2.4 8.1 4.5
CW-100 1.3 4.1 8.6 5.0
HLBL-50 4.4 5.4 23.1 13.0
HLBL-100 7.6 13.2 30.2 18.7

Table 3: Comparison of RNN vectors with Turian’s Col-
lobert and Weston based vectors and the Hierarchical
Log-Bilinear model of Mnih and Hinton. Percent correct.

questions. Turian’s Collobert and Weston based vec-
tors do poorly on this task, whereas the Hierarchical
Log-Bilinear Model vectors of (Mnih and Hinton,
2009) do essentially as well as the RNN vectors.
These representations were trained on 37M words
of data and this may indicate a greater robustness of
the HLBL method.

We conducted similar experiments with the se-
mantic test set. For each target word pair in a rela-
tion category, the model measures its relational sim-
ilarity to each of the prototypical word pairs, and
then uses the average as the final score. The results
are evaluated using the two standard metrics defined
in the task, Spearman’s rank correlation coefficient
� and MaxDiff accuracy. In both cases, larger val-
ues are better. To compare to previous systems, we
report the average over all 69 relations in the test set.

From Table 4, we see that as with the syntac-
tic regularity study, the RNN-based representations
perform best. In this case, however, Turian’s CW
vectors are comparable in performance to the HLBL
vectors. With the RNN vectors, the performance im-
proves as the number of dimensions increases. Sur-
prisingly, we found that even though the RNN vec-

749

Mikolov, Tomáš, Wen-tau Yih, and Geoffrey Zweig. "Linguistic regularities in continuous space word representations." Proceedings of the 2013 conference of the north american 
chapter of the association for computational linguistics: Human language technologies. 2013. 
Bolukbasi, T., Chang, K. W., Zou, J. Y., Saligrama, V., & Kalai, A. T. (2016). Man is to computer programmer as woman is to homemaker? debiasing word embeddings. 
Advances in neural information processing systems, 29.

(a) Analogical Relations (metric space)

Previous papers mostly focus on word-level interpretations



What Do Word Embeddings Embed?

Park, Sungjoon, JinYeong Bak, and Alice Oh. "Rotated word vector representations and their interpretability." Proceedings of the 2017 Conference on Empirical Methods in 
Natural Language Processing. 2017.

(a) SG word projected to {a1,a2} and visualization of the vectors in 300 dimensions

(b) Rotated word vectors in {aR
1 ,aR

2 } and visualization of the vectors in 300 dimensions

Figure 1: Overview of rotating word vectors dimensions. We plot (a) unrotated and (b) rotated skip-
gram word vectors in 2-D projected embedding space using PCA (left), and visualization of the vectors
in original 300 dimensional space (right). Colors of words indicates the meaning of countries (Red)
and positions (Blue). As in (b), after the dimensions are rotated, interpretability for each dimensions is
improved having meaning of countries and positions.

tor representations work well by revealing a hid-
den structure of the original word vectors. That is,
it is meaningful to transform the hard-to-interpret
dimensions of the pre-built word vectors, which
are widely used, to more interpretable vectors. We
also show that the rotated vectors retain their effec-
tiveness with respect to downstream tasks without
re-building the vector representations.

Our method can be applied to any type of word
vectors as a post-processing method such that it
does not require a large corpus to be trained. In
addition, it does not require additional number of
dimensions so it does not increase the complexity
of the model. Furthermore, we explore the charac-
teristics of the rotated word vectors.

2 Factor Rotation

We take the rotation algorithm from the ex-
ploratory factor analysis (EFA) conducted to ver-
ify the construct validity of the psychological scale
in development. For example, when validating a

scale measuring respondents’ latent factors, such
as “Engineering problem solving” and “Interest in
engineering”, items should be similar within a fac-
tor, and distinguished between factors. As shown
in Table 1, EFA projects every item into the latent
factor space as an unrotated factor loading matrix.
However, since it is unclear what the factor means,
factor rotation is applied to the matrix that pro-
duces the rotated factor loading matrix which en-
hances the interpretability of the dimensions (Os-
borne, 2015).

2.1 Rotating Factors

The rotation algorithm transforms factor loading
matrix to the simple structure which is much eas-
ier to interpret (Thurstone, 1947). It involves post-
multiplication of a p ⇥ m input matrix A by an
m ⇥ m square matrix T , to compute the rotated
matrix ⇤,

⇤ = AT (1)

402

(b) Meaningful Dimensions (linear Space)

“Position” dim →

“country” dim →

Previous papers mostly focus on word-level interpretations



What Do Word Embeddings Embed?
Previous papers mostly focus on word-level interpretations

Bolukbasi, T., Chang, K. W., Zou, J. Y., Saligrama, V., & Kalai, A. T. (2016). Man is to computer programmer as woman is to homemaker? debiasing word embeddings. 
Advances in neural information processing systems, 29.

(b) Meaningful Dimensions (linear Space)Figure 7: Selected words projected along two axes: x is a projection onto the difference between the
embeddings of the words he and she, and y is a direction learned in the embedding that captures gender
neutrality, with gender neutral words above the line and gender specific words below the line. Our hard
debiasing algorithm removes the gender pair associations for gender neutral words. In this figure, the words
above the horizontal line would all be collapsed to the vertical line.

����!
softball �

�����!
football) are shown in the table. Words such as receptionist, waitress and homemaker are closer to

softball than football, and the �’s between these words and softball is substantial (67%, 35%, 38%, respectively).
This suggests that the apparent similarity in the embeddings of these words to

����!
softball can be largely explained

by gender biases in the embedding. Similarly, businessman and maestro are closer to football and this can
also be attributed largely to indirect gender bias, with �’s of 31% and 42%, respectively.

6 Debiasing algorithms

The debiasing algorithms are defined in terms of sets of words rather than just pairs, for generality, so that
we can consider other biases such as racial or religious biases. We also assume that we have a set of words to
neutralize, which can come from a list or from the embedding as described in Section 7. (In many cases it
may be easier to list the gender specific words not to neutralize as this set can be much smaller.)

The first step, called Identify gender subspace, is to identify a direction (or, more generally, a subspace)
of the embedding that captures the bias. For the second step, we define two options: Neutralize and
Equalize or Soften. Neutralize ensures that gender neutral words are zero in the gender subspace.
Equalize perfectly equalizes sets of words outside the subspace and thereby enforces the property that any
neutral word is equidistant to all words in each equality set. For instance, if {grandmother, grandfather} and
{guy, gal} were two equality sets, then after equalization babysit would be equidistant to grandmother and
grandfather and also equidistant to gal and guy, but presumably closer to the grandparents and further from
the gal and guy. This is suitable for applications where one does not want any such pair to display any bias
with respect to neutral words.

The disadvantage of Equalize is that it removes certain distinctions that are valuable in certain applications.
For instance, one may wish a language model to assign a higher probability to the phrase to grandfather a
regulation) than to grandmother a regulation since grandfather has a meaning that grandmother does not –
equalizing the two removes this distinction. The Soften algorithm reduces the differences between these sets

11

gender neutral 

gender-related



What Do Word Embeddings Embed?
Previous papers mostly focus on word-level interpretations

Shin, J., Madotto, A., & Fung, P. (2018). Interpreting word embeddings with eigenvector analysis. In 32nd Conference on Neural Information Processing Systems (NIPS 2018), 
IRASL workshop (pp. 73-81).

(b) Meaningful Dimensions (linear Space)

(a) WSVD (b) WSGNS

Figure 2: Inverse participation ratios. The more red the dots are, more points are concentrated.

u1 u4 u7 u8 u14 u121

lastly molly determinants shyam famille jays
outset sally biochemical sanjeev vrier strikeouts

ostensibly toby intrinsic meera autour halladay
curiously maggie qualitative anupama naissance hitters
actuality valentine elucidated deepa rique buehrle
crucially jenny analytical rajkumar diteur batters

theirs tracy psychological manju octobre pitching
importantly lucy unger uday chambre phillies

thankfully carrie ehrlich chitra lettre rbis
regrettably elliot quantitative vinod campagne astros
ironically susie integrative archana jeune diamondbacks

aforementioned laurie extrinsic bhanu jours homers
paradoxically cooper nagel santosh septembre hitless

oftentimes jill methodologies rajesh enfance orioles
doubtless kitty exogenous ashok plon podsednik

unsurprisingly charlie underneath munna affaire baserunners
connelly shirley translational suman cembre hitter
merrick hannah kuhn komal royaume sox

invariably annie functional subhash propos pettitte
dunning elaine schweitzer usha juin vizquel

Transition First Names Science Indian Names French Baseball

Table 1: Top participants of eigenvectors (dimensions with highest magnitudes) of WSVD form
semantically coherent groups. u14 and u121 are eigenvectors with large IPR value, while the remaining
are corresponding eigenvectors of the largest eigenvalues.

mean value of 1/I
k divided by |V |, across all eigenvectors was 27.5% indicating that there exists

some sparse structure within the eigenvectors of WSVD. On the other hand, Figure 2b shows that
mean for vk was around 36%, meaning that column vectors of WSGNS are generally denser and less
structured. Such discrepancy in structural sparsity motivates us to analyze the eigenvectors of WSVD

in depth.

6 Analysis and Discussion

6.1 Column Space Analysis

Based on the results of previous sections, we further examine the top elements of the eigenvectors by
sorting their absolute values in decreasing order. Table 1 shows interesting results as the significant
dimensions or their corresponding “words" of each eigenvector, in general, form semantically or
syntactically coherent groups. For instance, u14 groups French words together and u121 shows

5



Word Embeddings in Causal LMs

x1 x2 x3 x4 x5 x6 x7

Input Word 
Embeddings e′￼x1

e′￼x2
e′￼x3

e′￼x4
e′￼x5

e′￼x6
e′￼x7

Contextual 
Vectors

Output Word 
Embeddings

Causal/Generative Language Model

= E(e1, e2, ⋯en)

c(x1) c(x1, x2) ⋯

P(X2 |x1) P(X3 |x1, x2) ⋯

Text



Projecting to Logits
Output Word Embeddings

Word Embeddings Are Steers for Language Models

Chi Han, Jialiang Xu, Manling Li, Yi Fung, Chenkai Sun,
Nan Jiang, Tarek Abdelzaher, Heng Ji
University of Illinois Urbana-Champaign

{chihan3, jx17, manling2, yifung2, chenkai5

nanjiang, zaher, hengji}@illinois.edu

Abstract

Language models (LMs) automatically learn
word embeddings during pre-training on lan-
guage corpora. Although word embeddings
are usually interpreted as feature vectors for
individual words, their roles in language model
generation remain underexplored. In this work,
we theoretically and empirically revisit out-
put word embeddings and find that their lin-
ear transformations are equivalent to steering
language model generation styles. We name
such steers LM-Steers and find them existing
in LMs of all sizes. It requires learning param-
eters equal to 0.2% of the original LMs’ size
for steering each style. On tasks such as lan-
guage model detoxification and sentiment con-
trol, LM-Steers can achieve comparable or su-
perior performance compared with state-of-the-
art controlled generation methods while main-
taining a better balance with generation qual-
ity. The learned LM-Steer serves as a lens in
text styles: it reveals that word embeddings are
interpretable when associated with language
model generations and can highlight text spans
that most indicate the style differences. An
LM-Steer is transferrable between different lan-
guage models by an explicit-form calculation.
One can also continuously steer LMs simply
by scaling the LM-Steer or compose multi-
ple LM-Steers by adding their transformations.
Our codes are publicly available at https:

//github.com/Glaciohound/LM-Steer. 1

1 Introduction

In recent years, language models (LMs) have sig-
nificantly advanced various natural language pro-
cessing (NLP) tasks such as machine translation,
sentiment analysis, schema induction, summariza-
tion, and sociocultural understanding (Brown et al.,
2020; Kojima et al.; Li et al., 2023b; Radford et al.,

1Please be advised that this paper contains potentially
controversial results and examples to some readers, included
solely for research purposes to explore model capabilities.

Language Model 
Hidden Layers

Language Model 
Hidden Layers

steering on output word embeddings

Original LM P0

Language Model 
Hidden Layers

Positively steered LM P�WNegatively steered LM P��W

e� v � (I � �W )ev e� v � ev e� v � (I + �W )ev

“My life is brilliant”“My life is boring” “My life is okay”

Figure 1: We find hidden steers in output word em-
beddings. By linearly transforming word embeddings,
language model generations are “steered” toward differ-
ent style polarity and levels.

2018; OpenAI, 2023; Fung et al., 2023, 2024).
Their output word embeddings are learned au-
tomatically to calculate word output likelihoods
during pre-training on language corpora. Typically,
the dot product c>ev between a computed context
vector and a learnable output word embedding ev

for token v is usually used as the word logit. The
word output probability is defined as the softmax
over all word logits:

P (v|c) =
exp(c>ev)P
u2V exp(c>eu)

, (1)

where V is the whole vocabulary. While being
a fundamental topic in natural language process-
ing, previous work on interpreting them is usually
focused at the word level, such as their semantic
information (Şenel et al., 2018), word senses (He-
witt et al., 2023), and analogical relations (Mikolov
et al., 2013; Park et al., 2017). However, as the
word embeddings are optimized for generation loss
during pre-training, the learned embedding space
should be closely associated with LMs’ generation
distributions. In this work, we propose to study the
roles that word embeddings play in LM generation,
which remains an underexplored topic, and ana-
lyze a simple while effective LM steering method
LM-Steer.
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c(x1, ⋯, xi−1)

P(Xi |x1, ⋯, xi−1)



• when  can theoretically express any distribution


• when , compresses (embeds) words so they are inter-
related


• but, in what way?

k = |𝒱 |

k < |𝒱 |

Output Word Embeddings

E : [1..n] → ℝd

A Dimension Reduction



HMM as A Theoretical Framework

pinit h1 h2 h3 hL…
T T T T

v1 v2 v3 vL

B B B B

PHMM(v1, ⋯, vL; pinit) = p⊤
initT (

L−1

∏
i=1

diag(p(vi))T) p(vL)



Sequence Shift  Word Embedding Transform≈

• Theorem (Informal): steering between text 
distribution is associated with a linear 
transformation on word embedding space 
under assumptions.

pinit h1

T

v1

Bp′￼init

ev

…

E WE
linear transformation

state 
initialization 
changes

…

equivalent to



An Intuitive Explanation
Word Embeddings Are Steers

Language Model 
Hidden Layers

Language Model 
Hidden Layers

steering on output word embeddings

Original LM P0

Language Model 
Hidden Layers

Positively steered LM PϵWNegatively steered LM P−ϵW

e′ v ← (I − ϵW )ev e′ v ← ev e′ v ← (I + ϵW )ev

“My life is brilliant”“My life is boring” “My life is okay” • Non-trivial claim as it connects word distributions and 
sequence distributions

A spectrum of text styles



Theoretical Generality

https://miro.medium.com/v2/resize:fit:1200/1*5NhjY5OH8HKpi5oHuEMxTg.png

https://colah.github.io/posts/2015-08-Understanding-LSTMs/img/LSTM3-var-GRU.png

RNNs LSTMs

Transformers

https://miro.medium.com/v2/resize:fit:1200/1*5NhjY5OH8HKpi5oHuEMxTg.png
https://colah.github.io/posts/2015-08-Understanding-LSTMs/img/LSTM3-var-GRU.png


LM-Steer

Language Model 
Hidden Layers

Language Model 
Hidden Layers

steering on output word embeddings

Original LM P0

Language Model 
Hidden Layers

Positively steered LM PϵWNegatively steered LM P−ϵW

e′ v ← (I − ϵW )ev e′ v ← ev e′ v ← (I + ϵW )ev

“My life is brilliant”“My life is boring” “My life is okay”



LM-Steer Broken Down
+ = ϵ ⋅ W E

Language Model 
Hidden Layers

Output word 
embedding E

The steering scale the steering matrix

“       ” “       ”

for each word:
e′￼v = ev + ϵWev

W

ϵ W



Training & Inference

Language Model 
Hidden Layers

output word 
embeddings eo

adapted output word 
embeddings e′ o+ = ϵWeo

original LM P0 “Steered” LM PϵW

Language Model 
Hidden Layers

(a) LM-Steer overview (b) Training (c) Generation

PϵW

P−ϵW

objective:  
maximize likelihood

objective:  
maximize likelihood

positive 
labelled texts

negative 
labelled texts

step 1: 
setting a “steer” value

ϵ = 3e − 3

step 2: 
Plugging in and generate
my life is ____

brilliant



• Across base model 
sizes, LM-Steered GPT2 
family, Pythia family, 
GPT-J and Llama-2-7B 
models (+) consistently 
outperform other 
baselines (□) on 
detoxification.

Holistic Comparison
Detoxification
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Continuous Steering

Sentiment

Proportion
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curves: maximal 
likelihood beta-
distribution



Continuous Steering

uation, we use the HuggingFace’s sentiment clas-343

sifier (Wolf et al., 2020). The generation prompts344

are a subset of the OpenWebText Corpus filtered345

by the sentiment analysis classifier. Models are346

applied on these prompts for 25 times to generate347

up to 20 tokens. We then measure the average per-348

centage of positive generations for each prompt as349

the “Positivity” score. Similar to the detoxification350

task, we use 5✏0 for positive sentiment and �5✏0351

for negative sentiment control.352

Baselines: Besides the baselines used in detoxi-353

fication, two variants of DExperts: DExperts (pos)354

and DExperts (neg) which only use one of the two355

classifiers for guiding generation are also listed.356

Results: Table 3 presents the full results. LM-357

Steer, despite a much simpler and smaller model,358

takes 1st place on the positive side and 2nd or 3rd359

place on the negative side and achieves a reasonable360

balance on fluency and diversity.361

Steer Generation

-5e-3 What moron said that stupid comment.

-3e-3 What’s stupid is stupid, right?

-1e-3 What’s this? You think that your reli-
gion, your culture, your country are not
good enough?

0 What’s more, it makes for a fun, cheap,
and efficient way to improve the perfor-
mance of your car engine and to make
your driving that much safer.

1e-3 What’s more, it makes for a fun, cheap,
and efficient way to improve the perfor-
mance of your car engine and motor.

3e-3 What’s on your mind? What’s on your
mind?

5e-3 What’s on Netflix? If you can’t figure
out what’s being watched on Netflix,
you need to figure out what are people
watching!

Table 5: LM-Steer continuously steers GPT2-Large
generation from toxic to non-toxic. Both the number
and intensity of toxic words decrease with increased
steer value.

4.3 Continuous and Compositional Control362

The conceptually simple design of LM-Steer makes363

it an architecture-agnostic plug-in to diverse lan-364

guage models. We demonstrate that LM-Steer365

maintains a linearity guarantee, which enables con-366

tinuous and compositional control. More specifi- 367

cally, our model allows for interpolation between 368

two steer values by simply using an intermediate 369

steer value. Moreover, if two LM-Steers W1,W2 370

are learned, their effect can be combined by decod- 371

ing with P✏(W1+W2). 372

In Figure 4a we plot the distribution shift when 373

adjusting sentiment steer ✏. We also curve the max- 374

imal likelihood estimated Beta distribution. In Fig- 375

ure 4b we observe that LM-Steer can composition- 376

ally control sentiment and toxicity, even though 377

there exists a mutual influence between these two 378

factors (e.g., a negative sentiment might also lead 379

to more toxic comments). Table 5 also provides an 380

example of how the generated sentence is continu- 381

ously steered from toxic to non-toxic, demonstrat- 382

ing a simple fine-grained control on the toxicity 383

level. When the steer value increases from negative 384

to positive, both the number and the intensity of 385

toxic words (bolded in the table) decrease. 386

4.4 Efficiency 387

Thanks to its simple design, LM-Steer enjoys effi- 388

ciency in multiple perspectives. We vary the detox- 389

ification dataset size from 30 to 10k and measure 390

LM-Steer’s performance in Figure 5(b). We see 391

that as few as 30 data points still enable LM-Steer 392

to achieve high detoxification scores (0.322). When 393

dataset size exceeds 3k LM-Steer acquires a good 394

balance between detoxification and generation qual- 395

ity. We also show decoding time and parameter 396

efficiency in Table 4, where our model only uses 397

1% of the baseline’s learnabel parameter size and 398

uses a low computation overhead during decoding. 399

5 LM-Steers Connects Word Embeddings 400

with Texts 401

5.1 Interpreting Word Embeddings 402

LM-Steer provides a lens on how word embeddings 403

correlate with LM word embeddings: what word 404

dimensions contribute to or contrast to a specific 405

style. In the detoxification experiment, we conduct 406

an SVD decomposition of the learned W . Among 407

S, V,D, the D component can be interpreted as a 408

ranked list of the most “magnified” row dimensions 409

in the transformation W . We then take its first 9 410

rows, and list the most influenced words in Table 6. 411

Dimensions 2, 4, and 6 are filtered out as they only 412

match non-English tokens. Although offensive to 413

read, this table helps us understand what kind of 414

words are most related to toxicity and thus sup- 415

7

word toxicity level # toxic phrases
2
2
1

0

0

0

0

“moron”, “stupid”
“stupid”
“not good enough”

—

—

—

—



Compositional Steering

LM-Steer 1: 


LM-Steer 2: 


Combined LM-Steer: 

Pϵ1W1

Pϵ2W2

Pϵ1W1+ϵ2W2
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Compositional Steering

Sentiment control

 

negative 
sentiment
positive 
sentiment



Compositional Steering

Sentiment control

 

negative 
sentiment
positive 
sentiment
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dimensions



Transferring to Another LM

Two transfer to another set of word embeddings: 


Assuming an approximate linear transform 


The equivalent steer term is 

E → E′￼

E ≈ HE′￼, c ≈ Hc′￼

Δlogit = c⊤We ≈ c′￼⊤H⊤WHe′￼

Δlogit(c, e) = ϵc⊤We

LM-Steer defines a bilinear form on the shared space of  and c e

: ℝd × ℝd → ℝ

transferred LM-Steer!



Transferring to Another LM

0.2

0.275

0.35

0.425

0.5

gpt2 gpt2-medium gpt2-xl gpt-j-6b

Transferred

Avg. Max. Toxicity ( )↓

Original
Trained

(124M) (355M) (1.5B) (2.7B)

transfers about half of the detoxification capability



• training only 0.9% of LM training parameters


• Marginal time overhead. Can be further reduced to 1.0 if the 
steering value  is fixed.ϵ

Computational Efficiency
(a) Continuous control on sentiment with ✏ in �5✏0 ⇠ 5✏0
results in a sentiment distribution shift. Color indicates
sentiment and height indicates frequency/density.

(b) Compositional control sentiment ranging in �5✏0 ⇠
5✏0 and toxicity in 0 ⇠ 5✏0. Color means sentiment and
height is toxicity.

Figure 4: Continuous and compositional control using LM-Steer.

LM-Steer DAPT GeDi CTRL PPLM DExpert MuCoLa LoRA

Parameters 1.6M 355M 355M 355M 124M 355M 898M 18M
Speed Ratio 1.24 1.00 2.94 3.79 270.11 1.98 24.03 1.00

Table 4: Decoding time and learnable parameter efficiency. Time efficiency is measured by relative decoding time
compared to the base language model. The best numbers are bolded.

4.3 Continuous and Compositional Control
The conceptually simple design of LM-Steer makes
it an architecture-agnostic plug-in to diverse lan-
guage models. We demonstrate that LM-Steer
maintains a linearity guarantee, which enables con-
tinuous and compositional control. More specifi-
cally, our model allows for interpolation and extrap-
olation on the steering spectrum by simply interpo-
lating and extrapolating the steering value. More-
over, if two LM-Steers ✏1W1, ✏2W2 are learned on
potentially different tasks, their effect can be com-
bined by decoding with P✏1W1+✏2W2 .

In Figure 4a, we plot the distribution shift when
adjusting sentiment steer ✏. We also curve the max-
imal likelihood estimated Beta distribution. In Fig-
ure 4b, we observe that LM-Steer can composition-
ally control sentiment and toxicity, even though
there exists a mutual influence between these two
factors (e.g., a negative sentiment might also lead
to more toxic comments). Table 5 also provides an
example of how the generated sentence is continu-
ously steered from toxic to non-toxic, demonstrat-
ing a simple fine-grained control on the toxicity
level. When the steering value increases from neg-
ative to positive, both the number and the intensity

of toxic words (bolded in the table) decrease.

4.4 Efficiency
Thanks to its simple design, LM-Steer enjoys effi-
ciency in multiple perspectives. We vary the detox-
ification dataset size from 30 to 10k and measure
LM-Steer’s performance in Figure 5(b). We see
that as few as 30 data points still enable LM-Steer
to achieve high detoxification scores (0.322). When
dataset size exceeds 3k LM-Steer acquires a good
balance between detoxification and generation qual-
ity. We also show decoding time and parameter
efficiency in Table 4, where our model only uses
1% of the baseline’s learnable parameter size and
uses a low computation overhead during decoding.

5 LM-Steers Connect Word Embeddings
with the Text Distribution

In previous sections, LM-Steer revealed the hidden
biases encoded in the automatically learned word
embeddings of LMs. This section provides an alter-
native perspective, where these hidden biases serve
as a lens for interpreting the connection between
word embeddings and the generation distribution
of LMs. Section 5.1 demonstrates how LM-Steer



• Automatically 
highlighting text spans 
most related to a 
distribution.


• Example: toxic word 
highlighting by learning 
detoxification

Highlighting Keywords

Dim. Matched Words

0 mor, bigot, Stupid, retarded, coward, stupid, loser, clown, dumb, Dumb, losers, stupidity,
garbage , idiots, fools, idiot, lame

1 stupid, idiot, Stupid, idiots, jerk, pathetic, suck, buff, stupidity, mor, damn, ignorant, fools,
dumb , disgusting , damned, narcissistic, troll

3 idiot, godd, damn,

5 Balk, lur, looms, hides, shadows, Whites, slippery, winds

7 bullshit, fiat, shit, lies, injust, manipulation

8 disabled, inactive, whip, emo, partisan, spew, bombed, disconnected, gun, failing, Republi-
cans , defeated, Jeb, blowing , bombard, ineffective, reload, destructive, flo, blown

9 winners, upside

Table 6: Word embedding dimensions that are most influenced by LM-Steer on detoxification task.

There’s another controversial Hollywood racial
decision that Stacey Dash is sinking her teeth into.

The UFC champ then suggested Justino is a
longtime PED user with her most d**ning com-
ments.

But I really have a question for you: Why would
I go on a game show and play into the bulls**t
allowing myself to be ranked by some fake com-
petition?

I think sexism prevents this from being a real
win for fat people.

If they want to be fair and non
hypocritical idiots they should.

Table 7: Toxic sentences with toxic keywords high-
lighted by LM-Steer after training detoxification on
GPT2-Large.

5.3 Transfering LM-Steer Between Models
A much-desired property of LM-Steer, because of
its theoretical soundness, is its transferability to
other language models. Details and derivations of
LM-Steer transfer are in Appendix F. Intuitively
speaking, the original logit c>ev can be understood
as a similarity or matching metric between context
vector c and word embedding ev. In LM-Steer,
the logit is offset by ✏ times c

>
Wev, which is

also a bilinear similarity. To transform this LM-
Steer to another language model, we need to map
the context vectors and word embeddings between
word embedding spaces ev = He

0
v

c
>
Wev = (Hc

0)>W (He
0
v) = c

0>(H>
WH)e0v

(3)

We work by first identifying a linear mapping H

from target LM word embeddings to source LM
word embeddings. Then, the matrix H

>
WH can

be inserted into the target LM as LM-Steer. This is
motivated by prior work on the linear mapping be-
tween word embeddings from different models (Li
et al., 2021). Finally, the calculated steering matrix
is directly applied to the target LM. Figure 5(a)
shows the performance after we transfer the LM-
Steer learned on GPT2-large to LMs of other sizes,
ranging from gpt2 (124M) to GPT-J-6B (6B). We
can see a uniform improvement in transferred LM-
Steers, with GPT2 and GPT2-medium getting sim-
ilar scores (0.307 and 0.308) to the best baseline
(DExperts).

6 Conclusions
In this work, we discover the prevalent phe-
nomenon of word embeddings containing steers for
language model generation. We demonstrate the
promise and efficacy of LM-Steer, a theoretically
grounded, simple, and lightweight approach for the
steering of generative language models. LM-Steer
can model various styles and achieve comparable
or superior performance to baselines in language
model detoxification and generation control. LM-
Steer also allows for continuous and compositional
control and can be transferred to other language
models. More importantly, it provides an inter-
pretation of how word embeddings interplay with
language model generation. So far, we have only
studied output word embeddings, so it is intriguing
to ask whether similar phenomena apply to other
components, such as input word embeddings and
hidden layers.



• Motivation: what words are more likely in  instead of ?


• Objective: looking for the text spans with the maximal sum of 
log-likelihood differences


• Inputs: sequences  and , #spans to look for , max span 
length 


• Algorithm: dynamic programming

P0 PW

P0 PW n
l

Highlighting Keywords

There’s another controversial Hollywood racial decision that …

P0

PϵW



A Probe on the Word Embedding Space

SVD decomposition reveal words that are mostly related to a 
learned LM-Steer

Δlogit(c, e) = ϵc⊤We = ϵc⊤UΣVe

Each row  in right matrix  looks for a dimension in the 
word embedding space, with decreasing significance 

v⊤
i V

σi

SVD decomposition

= ϵ∑
i

σi(c⊤ui)(v⊤
i e)



A Probe on the Word Embedding Space

(Some dimensions were omitted as they match non-English words)

personal 


political

curses

critiques



• What other linear spaces exist in LLM parameters? To what 

extent?


• Task vectors? Alignment effect? Meanings and knowledge?


• What is encoded in the middle layers?


• What defines the “safe zone” of LLM parameter manipulation?

Related Problems



Chi Han, Ziqi Wang, Han Zhao, Heng Ji 
https://arxiv.org/abs/2305.12766

In-context Learning 
Explained as Kernel 
Regression

2.3: Contextual Knowledge Representation:



In Context Learning

LLM In-Context Learning (ICL) is a paradigm shift in 
transfer learning:

without parameter updates, LLMs simply answer after 
demonstrations

Input: moving and important. 
Input: excruciatingly unfunny and pitifully unromantic. 
Input: the plot is nothing but boilerplate clichés from start to finish.

...

Output: Positive.

Output: Negative.

Output: Negative.

…

Input: intelligent and moving Output: _______



Motivation

• Can we explain how LLMs carry out this capability?


• Our attempt: kernel-regression (  weighted 
average)


• Can we explain phenomena and best practices for 
NLP researchers?

• the benefit of similar samples

• sensitivity to the output formats

• the benefit of regular and representative samples

≈



• As Bayesian inference:


• however, no computation feasibility proven

Previous Explanations of ICL



• As Bayesian inference:


• however, no computation feasibility proven

Previous Explanations of ICL

• as gradient descent (GD):


• however using a constrained formulation of ICL: length-1 inputs

[ 0 y1 ⋯ 0 yn 0
x1 0 ⋯ xn 0 xn+1]

Autoregressive  
Transformer decoder [ ̂yn+1

0 ]



Ridge Regression
An ICL Scenario Studied In the Paper

Objective:

Problem: finding a  so that , while letting 
 be small

w w⊤xi ≈ yi
∥w∥2

(hard to implement in Transformers)



One-step gradient descent (GD) is achieved by:

Ridge Regression
An ICL Scenario Studied In the Paper



Construction of GD in Transformers
1st step: constructing simple algebraic operators

×

÷

=

=

+ =

× W1 =

× W2 =

(direct attention)

(utilizing properties of GeLU)

(utilizing layer-norm)

(direct attention)



Theorem 1: 

Constant layers and  hidden space  can do one-step GD 
of Ridge regression.

O(d) →

Theorem 2: 

Decoder with constant layers  hidden space  can solve 
the exact linear regression.

O(nd2) →

Construction of GD in Transformers
2nd step: higher level operators



Evidence 1: Behavioral Similarity
Metric 1: Squared prediction difference: 



Evidence 2: Algorithmic features
Question: Can we “probe” out meaningful intermediate features 
from ICL layers?

message: certain layers can



• Limited to certain architectures


• Limited setting: length-one inputs, linear objective


• Limited empirical evidence

Limitations



A Kernel-Regression Explanation

Input: moving and important. 

Input: excruciatingly unfunny and pitifully unromantic.

Input: the plot is nothing but boilerplate clichés from start to finish.

…

Input: intelligent and moving

Output: Positive.

Output: Negative.

Output: Negative.


Output: ________

x y
demonstrative 
samples

test input

̂y =
∑i K(xi, xtest)yi

∑i K(xi, xtest)
K(xi, xtest)

(similarity kernel)

70%: “Positive”

• The output  is sampled from a weighted average over example 
outputs  (i.e., a kernel-regression)


• the weights are computed by a certain similarity metric 
 (i.e., a kernel)

̂y
yi

K(xi, xtext)



Formulation
Pre-training Data Assumption: Hidden Markov Model (HMM)

state space  (hidden)𝒮 token space 𝒮

How ICL prompts are sampled

theme starting states

theme-specific states

odelim

whole prompt

from pre-training distribution, i.i.d



The Explanation and Its Convergence

The kernel (similarity metric)

A representation of sample input , 
depending on the pre-training HMM

x A matrix about the pre-
training HMM

Kernel regression (hypothesized ICL algorithm)



The Explanation and Its Convergence

Convergence
error prob not converging to 0

Terms:


: a constant related to pre-training HMM


: the difference between the task and the pre-training distribution


: number of ICL samples 

: vocabulary size.


: “with probability , the theorem is true”

η

ϵθ

n

m

δ 1 − δ

our expression Bayesian 
posterior



• It only requires one layer of Attention Layer to calculate, while 
can be redundantly implemented multiple layers

Can Transformers Implement It?

Attention Layer

kernel regression:

self-attention:

……

……



Does the ICL Attention Extract ?yi
layer 1 
layer 2 
layer 3 
layer 4 
layer 5 
layer 6 
layer 7 
layer 8 
layer 9 
layer 10 
layer 11 
layer 12 
layer 13 
layer 14 
layer 15 
layer 16 
layer 17 
layer 18 
layer 19 
layer 20 
layer 21 
layer 22 
layer 23 
layer 24 
layer 25 
layer 26 
layer 27 
layer 28

head 1 
head 2 
head 3 
… 
head 16

x1 y1 x2 y2 x3 y3 x4 y4 x5 y5 xn yn xtest

sample 1 sample 2 sample 3 sample 4 sample 5 sample n
x6 y6
sample 6

…

model: GPT-J. Results on Llama-2 are similar



Does the Explanation Align With the Output?

Pearson correlation between the sample’s attention logit and an 
analogous predicted similarity < P( ⋅ , x1), P( ⋅ , x2) >



Which Layer Implements Kernel 
Regression?

Layer Index

H
ea

d 
In

de
x

Using kernel regression explanation, some attention heads 
reconstruct LLM ICL output on SST2.



Does ICL Score  Kernel Regression Score?≈

Preprint. Under review.

(a) Predicting argmaxo P (o|xi) with key vectors. (b) Predicting yi with value vectors.

Figure 5: Key and value vectors encode label and LLM prediction information at high-attention
position. Here x-axis (0→27) is layer number, y-axis denotes relative position to the high-attention
position within each demonstration, and z-axis is accuracy. Each sphere is an attention head. The
curve shows average accuracy within each layer.

Method sst2 mnli
rotten- tweet_eval tweet_eval tweet_eval

tomatoes (hate) (irony) (offensive)

task-specific best head 0.864 0.628 0.836 0.768 0.732 0.768
overall best head 0.817 0.622 0.714 0.740 0.642 0.740

Table 1: Accuracy of reconstructing LLM ICL outputs with kernel regression.

Method sst2 mnli
rotten- tweet_eval tweet_eval tweet_eval

tomatoes (hate) (irony) (offensive)

GPT-J-6B ICL 0.805 0.383 0.671 0.539 0.519 0.542

all-MiniLM-L6-v2 0.503 0.321 0.478 0.548 0.491 0.588
bert-base-nli-mean-tokens KR 0.523 0.325 0.502 0.545 0.479 0.597
task-specific best head KR 0.789 0.974 0.692 0.560 0.584 0.560
overall best head KR 0.766 0.808 0.648 0.462 0.446 0.462

Table 2: Performance of explicit kernel regression (KR) and LLM ICL on downstream tasks.

with the best average reconstruction accuracy. We see 70%→80% accuracy on tasks except mnli. In
Table 2 we see that kernel regression on head features achieves similar or superior performance than
kernel regression on sentence encoders such as all-MiniLM-L6-v2 2 and bert-base-nli-mean-tokens 3,
and even ICL itself, proving the validity of such kernels.

6 CONCLUSIONS AND FUTURE WORK

In conclusion, our work provides a novel theoretical view to understand the intriguing in-context
learning (ICL) capabilities of Transformer-based large language models (LLMs). We propose that
LLMs can simulate kernel regression algorithms when dealing with in-context examples. Our
empirical investigations into the in-context behaviors of LLMs reveal that the model’s attention and
hidden features during ICL are congruent with the behaviors of kernel regression. Furthermore,
our theory also explains several observable phenomena in the field of ICL: why the retrieval of
demonstrations similar to the test sample can enhance performance, the sensitivity of ICL to output
formats, and the improvements in ICL accuracy when selecting in-distribution and representative
samples. There are still remaining challenges in this topic, such as understanding the effect of sample
orderings and the robustness to perturbed labels. These questions, along with understanding other
perspectives of LLMs, are exciting questions for future research.

2
https://huggingface.co/sentence-transformers/all-MiniLM-L6-v2

3
https://huggingface.co/sentence-transformers/bert-base-nli-mean-tokens

9

KR based on baseline sentence embeddings models

Our KR explanation explained most tasks well except for MNLI



• A better theoretical framework for LLMs?


• The reasoning pathway of LLMs: does it exist at all?

Open Problems


