Vaa

—v&é—
NTRODUcTION To FiniTE FueLDS

DEFINITION

A commutative Ying (R 1,) consists of a seb ?,l:oacﬂer

with twe opemtionS +: RXR—>R and *:RxR—7R such that .
(i) a+(b+c)= (arb)+c ¥ahceR | () a-(b-c)=(a-b)-c va,bceR.

() a+b=b+a Vabek. (i) a-b=ba vabek.
(i) 30eR with o+a=a YaeR, | (i) 1R, 1#0, such that
(iv) Fov each aeR,ﬂ—aelQ, a-1=0a VYaeR.

Such that a+Cad=0, Giit) & (b+¢) =a-b+ac VabceR

* NOTATION

We will dlenebe (R4, -) by <.

-exanee Z 0, R, C ace commotatie +ings.
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DEeF(NITION A field (F+,) is a commubative ting with an addibonal
(:ro(zc(hé (ix): YaeF with azo, Ad eF svch thet a-a'=4

4 EXAMPLL @)(R) C ave -SlleUs. Z is not- a field.

DEFNITION A -?:e(o( (%, ) is o -Fm&a—?\do( it Fisa -?mbs set;
othevwise it is an infmite 'Qne(d 8 -F' is a finfke Sield, s oder ) \-\-I

cexameee @, R, C ace infinite Lields.

* QUESTIONS 1) For which integers M2 do fnite ficlds of wdern exist ©
Q) Bow does ane construck such a field, e whet @re the fick
clements, and how ace $reld efera‘ﬁ‘k)ns pecformed ?
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THE INTEGERS MODULO m

‘Let n2a. Recall treb Zn consists of the set of equivalence chsses
0(’ iméegers modolo YL 3 Z“ = ‘{,EOJ) Z.(], [211).,.}[."\-(13) with addibon and
molEipli cobion done in the natuval ay: [a]+Lb]=[a+b], [ol-[b)=Jab],

* More s}mPlg, we_ write Zn={0Jl,9~J-,,,'n-(3) andk  pevform addibion
and mu(k!P[ica{:rov\ modolo M.

* EXAMPLE  Zq= 4o, l,a),,,,s}. n Za, 347221 and 3-7=3,
More precisely, 23+7 =1 (med @) and 3-723 (med 7).

* FACT Zﬂ 15 a {inite emmutative Ting.



QuESTion: When is Zn e.—f\'e(d?

THeoReM Zn 15 a field if§ w15 prme.

PRooF (<?) Soppese that n is prime. Let acZn) a0 (so (=a<n-y)_
Stace n is prime, gco((a,n)=l- Henee Xs,teZ such thak
as+nk=1. Qeo(uc(nﬁ, both sides wedolo M 8‘:ue5 as =y (mekn).
TF\OS, Q-‘:SS ard so Zan is Q-fte(d'

(=) Suppese that m is compesite, soy m=ab where aga,bsn-l.
Now, '(G a"(eases) mz RC=\ (mod 'n')) then abcC = 'O (mned —n),

se Mc=2b (med M), Thvs, bIo (med M), ss m|b which 15 absud
Since A sbs -1, Hence, L is not @ field, O
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QUESTIoNS
* We have established the existence of finite fields of order M,

for each prime M.

* What ebout- finite fields of sder n, whee m is composite €

“Tn Parh‘cufar', is there a finite Jield of cheVA.? €7 37 9? o ?
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Vab NoN- EXISTENCE oF Fu\\t'r: F\EL:DS

DeFinITION Let F be a {reld. The chacacteristic OF F) char(F),
is the smallest positive integet M such that |+14---+1 =0
4 wo such ™ ewssts, then char(F)=o0. ~n

examele @, R, €© have characterstic 8,
Z‘O (e erime) \r\as chat{‘acé’erisé'fc f>

THEOREM 4L char(F)=0, then F is an infmite freld -
EROGF The field clements t y L\, ave dustinct, becayse if
414k L= L4t} wheve a<b, Ehen Qi - -+n')-(ml) = et (RO,

o. ") b o~ b-x
conl:ma\(cf:\‘flg, c,hOA‘CF)=O. O
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THEOREM Let F be a {teld with char(F)=m#o_ Thea m is prime.

PRoOF  Suppose w s composite, Say m=ab where asabiml.

Let $= I4++---+1 and £=(+14+---+1 and nobe thab S¥o,t#0.
~ (e

*x b
Then st = CH’H‘"'i'l)‘Cl-I-l'I'“--\—D = H+Hl4---+ 1 SO
T — P
b 18]

Thes, §k-t™=81=5=0, a conkadiction.
We anclude that an s pime. []
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QUBFILELDS

‘Let Fhe a finite field of characterrste p.
+ Consider the subset of elements of [
E =20, (4, lhed(s .o, H-\—}"——J-l}.
W ——

p-t
* The elements o E are distinct.

» One can verify that E'1s a §idd, 0sing the same sperbins as T
E is sald te be @ subfield of F.

40 we identi,&a the elements of E with the clements of Zo in the

aatual way, then £ 13 essentially the same field as Zp.
* We have proven .

THEOREM
Let F bea -ginlﬁe «Fle[dl b(f chavac € erisbe F. Then ZP 1S a gobﬁdd oft P




FINITE FLELDS AS VECTOR SPACES =

‘let F ke a fintte —ffeld of charackeristic e

‘Iden'&TP} veckors «<—— elements of F
scalars €—— clements oy— Zg
veckor additon<—7 add;bion of F
scalar multipliaion$— moleiplcation of F.

*Then T js a veckor Space over Z\o
Gi-e. £he. axtoms thak def\ne. o_ webor Seace are Saﬁs?\ed)




FINITE F(ELDS: NON-EX\STENCE

Theorem Leb F be a finite field of chavfenstic p. @
Then the ordevof E is P for some NI

PROOF Let the dimension of F as & yector space ever Zp ke m.
Leb o Ka,...,%n be @ basis fs= F over Zp. Then each element get
can be wribten Untq,“eltj, in the Jorm B=Cio(i+-Cplat---+Cefln, where. QéZ’~
Thos, ¥ = §CloltGaolat~-+Gnoln : C: QZPK) s |F|= F’“ 0]

EXAMPLE There do nsk exisb finite fields of ovders 6,10,18, 14,15

QUESTON Do fintte fields of sders 4,8,9, 16,35,2%,... exist 0




V2c¢ Existence oF Fnre FLeLDds e

* POLYNOMIAL RINGS let F be a ficld. Then FLac) denotes the set
of all poynomrals in x with coefficients Srom F. Addition and
moltt?(ica{ribn e{L Palanom?uﬂxs in F[x) 15 done in the vsoa wo.g ,
with coeffictent acithmebic done n T

o ExaMPLE 90 s [x],
« (24 +ax31— x4 )+ ( X’y o Fax+3) = ok a0+ x4 3x+a.
(B e sxn) (24 x43) = ot b P ax s 4242,

FACT Flod is an infinite commubative Ting .




CONSTRUCTI(ON OF qu&‘ FLELIDS MALNI’DE,'A

A4
Fixnza o) an&
a=b (mtn) °T$f"’

infinite S‘lee— ~ f.\‘—mi(:e
commutotive +ing commutebive. ting Freld
Fix :Fe Ze [ij Oﬁek
deg(f)=n £ welverble i

g= =h (mod 9)

AR Zpl£1/(S) Zplx1/(5)
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POLY NOWLAL DW/ISION
‘Lek §£,9 ¢ FLxl, with g#o. Then there exist onigue polynomials
t5eFlx] with §=59+4+ and deg(+)<deg(g),
7,uol:ienl,— A K.rema‘mded—*

: B‘J conyention, deg (o) = ~o0 .

4x* +3
axz-l- DX +Lt.>3f)CA + 9\.‘13 + AXT4 X +
334 +aod + ot
Qluoﬁ-l’enl: Aivisoy xi +X 4+
R Yemainde+ X +4 X+ a
60> £= (4;{}.{—3}%-&' (3&[-!—47, 93C+L§
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THE RING FI[2x1/(S)

DeFniTionN LeE feFIx] with deg($)21. Le€ 9,he Fxl. Then g is

congroent bo h wedulo §, weitten g=hlmod §), 1§ 9-h=Lf for sene
LeFixl gqovalenatly, £((g-h), or g,h leave the same remeindet-
vpon division by 5.

FACTS The +telabion qslq (nod £) is an valence relatn and f:arﬁb’cns
FLx] ko & walence classes: [g:( ={he F{xl: G=h (mod § )‘f(,
Addition and molespliaatTon s well defined : I:%]—f[h] = [.3*“\1 [‘ﬂn\] ‘—’[j-hl

DefiniTION The seb of a}ui\/czlencc chasses is denoked F[=2]/(F).

THEOREM FEDC_I/C{') s @ commutatie 'rc‘v?.
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REPRESENTATIVES OF EQUIVALENCE CLASSES OF FIx]l/(¥)

+ Quppose thalb deg(Fl=n.

- Let 4&FIx]. Long division of g by § yieds §=Sfi, where 5,1 i
with degit)<m. Thos 9=+ (med §), so [q]=L[+].

"Al90) f Tt 6‘:{20]) " #tz, deg('f',')<1\ , deq (12)<M, then -—S-'-/\/(-\-;.,KZ
SO v, F Ty (mod. 'S:) Thos [’r;—l #[fa]

* Hence, the polnemials in FLoc] of degree <M are o complefe s of
wepresentutives o the et}u(va[ence classes of F[_:Cj/ £).

Now, leb E=Zp . Then Zo1xl/4) = {[+]: veZplz], degI<m
= At rmoct 4 T Tee Zel , so [1ZolxY(6)(=p"

Hence, Zelx1/($) is a fmile conmutative ving of order P
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e QUEST(ON When s FL] /() a Sield ?

DEFINITION Le& SeF Ix] wibh degfé)zt_ Then § is weduable over F
i€ £ cannok be written as $=9h, g, heFLx], dey(g)zi, degCh)=L.

* EXAMPLE » X\ 05 iveducible sver R, Stnee € hes no rooks tn E
e oH1 is veduable evexr € since gt = (i) (2c-1).
cax®p is reducible over Za, sice aa = (xi)(x#).
vl s irreducble over Za , since i€ has no roots In /5.

THEOGREM F[x]/(!}) is o freld (££ & is Loyaducible over F
PROOF Analogous to the pasf- thabt Za is a ficld iff n is prime
(see slde 249).




Vad ConvstrucTion ofF Finire FleLDds e

FACTS ABOUT POLYNOMIAL RINGS FIx3 (F=field)
) FACTOR THe6REM : Let § € F[a) and ceF.
Then 2¢-c is a fector of §(x) 1§f L) =0.

) NOT Too MANY ReaTS: lek- FeFTx] wibh de3(£)=n20-
Then -‘;— has ot most M wotS in T

3) ON(QUE FACTORZATION LeE «96\'—'[;‘;] L it degc-P)':TLbG- 'W\en, op to
teanang ement of tetwms, § has a unigue factorization ower F:
§=c§® ,_e’.-.,g.:”) where ceF, -E’ceF):zoj with $i monic gnd
icceductble over ¥, and €21
LZ\ eo(g nomial {5 menic if its lemi?ng, Cocffictent 15 4, eg.,?(:x’):ﬁtf'—’i»ﬁ(ﬂ
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THEOREM Let fe€ ZPL’)CJ be an irreducible Po(anuml‘aﬂ, of d%ree NnN2(.
Then ZpLxl/ (£) is a $inite freld of order P" and chavacterstic P-
The $reld elements are the polynowials iy Zplx] of degree <M.

EXAMPLE (fincte freld of ovdler 4=2%) Hewe, p=2 and =3,
Leb $0x) = o4zt € Za 1), Then £ =1, FN =1, so § hos vio
coots in Za. Thus £ is iweducible over Za.

So, ¥=LZaloXl /(o rx4) is a finite field of oder 3%=4.
+The elements bg F are -go) - g, (C Jis omt(:&ed:)
*Example of addibion: x4+ (3H) =ax+t = 4.

* Exanple of wolesplication: o€ (a+) = =% 2x =1,




EXAMPLE (fwnite Sield of- ovdet %=23> Heve, p=2a andl n=3,
We need an 'mreduchble, Pol/nommﬂ c@ d.earee. 3 ovey Za.
Candidates : o2 x3, o3ror, xiacH, oo xhacH, XX 4, SCHCEAL

Ty $()=+x4. Sice $()=1 and F)=(, §hos ns woks in Za,
and thys no linear factovs in Zalxl. Thos, § 15 wreducible over Z.;z7
and | F = Zo0xd/(xPrat)) is a finite field of ovdor 23=38.

“The elements of f are {o)l)a:,x-l—l, x 2%, 2z, a:’is-xa«—(},
+ Example of addibion: (2wx)+ (@ rx+1)=4..
*Example of moltiplicabion * (CFad)-Ct oeq) = Apx =2

-
* Exo«wxplg o.F nversion:. X = mz—j—l) Sjnce - C’xz-'-)fﬂ — DC3+:I.=1.
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EXAMPLE (finite Lreld of ovdet 8=9~3) Here, p=a and n=3.
£@)= :c%+acz-yt s weedocible ouver La, ard s0
Fa = Za[xd/(=*+2+) 15 o finite freld of- order 23=8.

— — 2.
“The elements of Fa are. 10,1, 25¢, 264, 2 X, o, 2hH

* Note that F aml Fa are nok the same 3°¢e(d
ey. T F, = x= 2t whereas x-x =25 in R

. Howeu‘e,\—> F ad B are isOrnor‘phic (eSchylzl‘ally the same),
Formally, theee 1s a bifection §:F— Fa such tint
$lt+) = F)+6b) and Hlab)=da)$b) va,beH.
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EASTENCE AND UNIQUENESS OF FIN\TE FIELDS “

FACT Let e be prime and N2 Then J ek, poly. of degree N over Zp.
pree poly i

TueoreM There extsbs a finite ficld of o~ G iff q=p" for
Some prime P and inteqer M2 |,

FACT Any two finike fields of Ehe same order are issworphic,

*‘We will denote the finite field of evder g by G\F(?,?
“the Galots Field of ovder Ci,”.

‘9n slides 44 and 45, we saw Ewo ways of mpmsew&mr}
the $inite Lield GiF(a?).




vae PROPERT‘ES oF FINLTE.- FLELSDS —‘[‘.7-,2.,

THEOREM (Frosh's Dream) Let F pe a Jiite freld of chamctensize
and leb o, geF. Then (0(4'&)? = olP +@P Jor all M2

PRooE (w=1) By the Bmomta.l Theorem,
Crp)f= ()6 +2(P)°¢ o (8)ort

Now, gb‘i"‘ \<U<P-| (‘)) L(P;‘g(g'f’\) - (p-th) =0 (mod P) Since e

divides Hhe nowmerzbor but nok H/\edenommaéo\-, and ( .) is an mt'e%
_ ¢ ol p-¢

Thos, (6o gt = ‘el oo p®) w%qa =0.

L

P (€
Hence, (o(-!'fb)P:o( fef O ( ) )



THE MOLTIPLICATIVE GWROUP GF @)™ —LS—

DEFNITION The molbiplicative_ group of G\F(g)is @Wq)":Gthq)\{o}.

Note! 3 GF(9)=Zp, then ths is
Fermaks Litde Theovrem.

THEOREM Leb e GF()* Then o 17'=1.

PROOF (et the diskinct” elemeats of G\,FCC),)’( be dipla, ..., oG-
Constder the (nonzero) elements |, oz, . ..- ,Xx(g-1. These elemenbs ave
diskinet because if ool =ofly for some LF}, then of Elele) =oC ely),
So ok =ofy  q conbradicbion.
Hence, ‘Zo(o(l, Aoz, ..., °(O(q,-|§ = {0((,0(2,. -, g §) and. So
Cotely) (tola)- - - (Relg-1) = of  ofz---- Ag-1 .
Canceﬁ{na gives «¥V'=4. O

COROLLARY Let %eGF@). Thea ot b=




ORDERS OF FIELD ELEMENTS —49-

DEFINITION Leb de GF@G)¥, The order of o, deneted ordGl), is the
smallest positive inéeacr t such thet «¢=1.

THEOREM, Leb A€ GFD* o () =t. Then o>=1 ff &ls.

PRooE Lel s€Z. Then long division of s by & yields
S=(E++, whete o=<A<t.

New, of®= I+ = (W o™ = o™,

Hence, o°=1 € &2t < v=o0 < tls, O

COROLLARY Let oteG\F(c;)*. Then ord(oc)\@-l?.

EXAME LE Thete i's oniy one clement in G\F@) Of ovder 4. name(g =1, .
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« EXAMPLE Constder Q\F(23) = 24 [l /(934 k1),
The ovder of o=x4( is 7

* EXAMPLE  Constder GF*) = Zalx] /| (A1)

_‘E_(’:,C)r- 1‘4—9&[ hccs no toots n Za, Ehos no linear —gad:UrS
A(so) }CZC) has no imgduoib[e, vadvabic 'fQCJ:b\rS sSince Cm?:kic‘l") X 2 E9)
 Hence, § 15 ivedoucible sver %2

Find od(x) 1n GLF(2¥).
SoLoTIoN (We have sc'=::c) ::c,2'=::c,i gc3= :(',3) 9:4=3:-H) .sc;-‘—;x?:;—:x,
Thos, od(>)#1(,3,5, Stince ord(x) 15, we must have odE)=(5.
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FACT Leb xe@F@)* with odl)=E. Then the elements oot olf.. o™
are distinct. An particolar, if ord(«) =g then todal .ol (3= G\F(q)*

DEFINLTION A 3enem,ﬁ—ov of @F[?ii‘ is an element G\FC?,) of ordea—ch.

EXAMPLE o= is a genevator of GF(a4)”) uhece GV Q)2 o).
Let’s VCV‘W Ehab o (%) —(S
"[, x'=zx, x” :r, oc—DC, OC"“OC—H, x®= or.—s-ot :C—Isd—:t
oc**ac-(-:cﬂ, :cz-nu-\, xl=x¥x, x®=zPxp, = "963—!':1.-)»:::)

5
= o xtat, X P=ocray, oc=ocdy, <=

THEOREM & FQ)* has a 9eneabort.
PRooT omitked. O




