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DEFINITION A commutative ring (R,+,.) consists of a set R , together
with two operations +: RXR-> R and : RXR-R

,
such that :

(i) a + (b+c)= (a+b)+c a
,bCER. (v) a. (b . c) = (a . b) . c va

,
b
,
CER.

(ii) a+ b = b+a Xa
,
bER . (vi) a. b = b . a x a

,
bER.

(iii) FOR with Ota=aaER. (vii)7ER
,

1 o
,
such that

(iv) For each a ER
, 7-a-R, a . 1 = a ER

.

such that a+=a) = 0
.

(viii) a. (b+c) = a. b+ a. c a,
b
,
CER.

· NOTATION We will denote (R
,
+
,

.) by R.

· EXAMPLE
,
Q

,
R

,
C are commutative wings.
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DEFINITION A field (F
,
+,) is a commutative ring with an additional

property (ix) : AEF with a 0 F such that a a =
1
.

· EXAMPLE &, , Carefields. is not a field.

DEFINITION A field (F,+
,
c) is a finite field if F is a finite set;

otherwise it is an infinite field. If F is a finite field ,
its order is I.

· EXAMPLE &
,
I

,
C are infinite fields.

· QUESTIONS) For which integers 32 do finite fields of ordern exist ?

2) How does one construct such a field,

i

.e. what are the field
elements

,
and how are field operations performed ?
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THEINTEGERS MODULON

· Let >2
.

Recall that In consists of the set of equivalence classes
of integers modulo n

, n
= [ [0]

,
[1

,
[2], . .., (n-1], with addition and

multiplication done in the natural way : [a]+ [b] = [a+b), [a]· (b)= [a.b] ·

· More simply ,
we write n

= 20
,

1
,
2, ...,n-1, and perform addition

and multiplication modulo n.

· EXAMPLE 9 = 50
,

1
,

2, ..., 83 · In a
,
3+7 = 1 and 3: 7= 3.~

More precisely ,
3+71(mod9) and 3 · 7= 3 (mod9).

· FACT n is a finite commutative ring.
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QUESTION : When is In a field ?

THEOREM n is a field iff n is prime .

PROOF (E) Suppose thatis prime. Letan, 0 (soan-1)-

Since n is prime , gad (a,
n)+

.
Hence Fs

,
te such that

as +ht = 1. Reducing both sides modulo n gives as 1 (modn).
Thus

,
a
"

= s
,
and so n is a field.

() Suppose that n is composite , say =ab where 29 ,
ben.

Now , if a"exists , say aCEI (mod n) , then abc = b (mod n)
,

so c = b (mod n). Thus
,
beo(mod n)

,
so /b which is absurd

since 2 -1
.
Hence

,
En is not a field .
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QUESTIONS
· We have established the existence of finite fields of orderi,
for each prime n.

· What about finite fields of order n
,
where n is composite ?

· In particular, is there a finite field of order4? 6 ? 8 ? 9 ? Io?
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V2 NON-EXISTENCE OF FINITE FIELDS

DEFINITION Let F be a field. The characteristic of F, char(F),
is the smallest positive integer m such that HH...+ = 0.

--
If no such m exists

,
then char(F) = 0- M

EXAMPLE &, I, have characteristic 0
.

(p prime) has characteristic p.

THEOREM If char(F) = 0
,
then F is an infinite field -

PROOF The field elements 1
,
H

,
Itil, . ...

are distinct
,
because if

1 +(x ... + = + + +...t ) where a<b ,
then (1-1)-(Hi ... t ) =H( ... + 1 = 0

,- - - -
A b D a b-a

contradicting char(f) = 0.
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THEOREM Let F be a field with char(F) = m#O
·
Then m is prime .

PROOF Suppose m is composite, say m =ab where 29, -.

Let 5 = Hit - -- + ) and =11---t)
,
and note that SO

,
+O.

- --

a b

Then St = Ch - - + 1) .Gist - - - +1) = #1+ - - - + 6 =0
.

- - -
a b M

Thus
, St .t =S = S = 0

,
a contradiction.

We conclude that m is prime.
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SUBFIELDS
· Let F be a finite field of characteristic p . F

· Consider the subset of elements of F :
E

E = E0
, 1

,
(1

, H(t)) . . .

.
+] .

p
- 1

· The elements of E are distinct.

· One can verify that E is a field , using the same operations as F.

E is said to be a subfield of
F
.

· If we identify the elements of E with the elements of p in the

natural way ,
then E is essentially the same field as P ·

· We have proven :

THEOREM

LetF be a finite field of characteristic p.. Then p is a subfield of F.
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FINITE FIELDS AS VECTOR SPACES
F

P
· Let F be a finite field of characteristic p .

· Identify vectors >> elements of F

scalars > elements of p
rector addition< > addition of F

scalar multiplication< multiplication of F .

· Then F is a vector space over P
li . e. the axioms that define a vector space are satisfied).
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FINITE FIELDS : NON-EXISTENCE

F

THEOREM Let F be a finite field of characteristic p . P
Then the order of F is p, for some 31.

PROOF Let the dimension of F as a vector space over p be n.

Let Li
,
62,..., In

be a basis for over p. Then each element BEF
can be written uniquely in the form B= C

,
L,+Ce2+.. - +Cndn ,

where Citp .

Thus
,
F = 24 ,+(2(2+-. -+Cn(n : CiEp] ,

so (fl = ph.

EXAMPLE There do not exist finite fields of orders 6, 10
,

12
, 14, 15, ....

QUESTION Do finite fields of orders 4, 8,
9

,
16

,
25

,
27, ... exist ?



VIC EXISTENCE OF FINITE FIELDS
-36-

· POLYNOMIAL RINGS Let F be a field. Then F[x] denotes the set

of all polynomials in x with coefficients from F. Addition and

multiplication of polynomials in F[x] is done in the usual way,
with coefficient arithmetic done in F.

· EXAMPLE In s[x],
· (3x4+2)+x+4) + (x+24+x

=

2x+3) = x5+ 2x3+ cc+ 3x+2
.

· (3x+4x+1) . (2x+ x+2) = x4+ x3+ 2x2+4x+2 .

FACT F[x] is an infinite commutative ring.
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CONSTRUCTION OF FINITE FIELDS : MAIN IDEA

& I [O] & -N - N

[1] -

Fix>,
2 - n Prime

t
[2] >-- order

a= b (modn)
: : N

[n-1] S- -

infinite finite finite

commutative ring commutative ring field

- -C order
FixfEpEx] - - N

- Ideg(f)= U
- firreducible- #

P
> --

g = h(modf) : -
-

p[x] p[x]/(f) p[x]/(f)



I
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POLYNOMIAL DIVISION
· Let f ,gEF[x] ,

with geo. . Then there exist unique polynomials
~,SEF[] with f = sqtr and deg(i)<deg (g),

*quotient & remainder
· By convention , deg (o) = -8.

· EXAMPLE Consider f=3
"
+2 +2+ +1

, g =22+3x+4 - s[x] .

4x2 +3

2x2+3x +4)3* +23 + 2x7+ x + 1

34 +2x3 +x
x2 +x+ 1

quotient divisor

= & remainder x +4x+ 2
↳

50
, f = (4x2+3)g + (2x +4)

.
x+4
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THERING F[x]/(f)
DEFINITION Let feF[x] with deg() 1

.

Let g ,
heF[x]

·
Then g is

congruent toh modulof
,
written gh(modf), if g-h=lf for some

EF[x]
. Equivalently, f/(g-h) , or g,h leave the same remainder

upon division by f.

FACTS The relation g=h(mudf) is an equivalence relation and partitions
F[x] into equivalence classes : [g] = [he F] : gh(modf(].
Addition and multiplication is well defined : [q]+[h] = [g+h]

, [g] . [h] = [g .n]
.

DEFINITION The set of equivalence classes is denoted F[x]/(f).

THEOREM F[x]/(f) is a commutative ring .
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REPRESENTATIVES OF EQUIVALENCE CLASSES OF F(]/(F)
· Suppose that deg(f)=N.
· Let gEF[x] . Long division of gby f yields g =sftr, where s

,
ref)

with deg() . Thus gr (modf) ,
so [g] = [r].

· Also
, if 1

,
82 EF[IC] ,

r. U, deg(i,)< n
, deg (2)<n

, then - X(ri-E)
,

so ~
, v(modf) . Thus [r .] # [r2] .

· Hence
,
the polynomials in F[e] of degree <n are a complete set of

representatives of the equivalence classes of F[]/(f).

· Now
,
let F=

p . Then []/() = E[] : Wep[x] , deg()<23
= [ [wo ++x + .. - + (n- xch

+] : Sie p3
,

so (p(/(f)1 =p.

Hence
, p[x]/(f) is a finite commutative ring of order p.
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· QUESTION When is F[x]/(f) a field ?

DEFINITION Let fEF[x] with deg(f) 1
.
Then f is irreducible over F

ifI cannot be written as f = g.h, g ,
heF[x], deg(g), 1

, deg(h) 1.

· EXAMPLE · is irreducible over I , since it has no roots in R.

· 1 is reducible overC, since x+1 = (x+ i) (x- ).
·x+ 1 is reducible over 2 ,

since x1 = (x+1) (xC+1)·

· 1 is irreducible over 3 ,
since it has no roots in 3.

THEOREM F[x]/(f) is a field iff f is irreducible over F
.

PROOF Analogous to the proof that In is a field iff n is prime
(see slide 29).
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FACTS ABOUT POLYNOMIAL RINGS F(x] (F=field)

1) FACTOR THEOREM : Let EF[x] and CEF.

Then -c is a factor of f(x) iff f (c) = 0.

2) NOT TOO MANY ROOTS : Let fEF[] with deg(f) =230.
ThenI has at mostn roots in F.

3) UNIQUE FACTORIATION Let fEF[x] with deg(f) =20 . Then
, up
to

rearrangement of terms, f has a unique factorization over F:
etf = of ,

"fzz.. fz where CEF, fiEF[x] with fi monic and

↑irreducible over-
,
and Ci 1.

[ polynomial is monic if its leading coefficient is 1
, eg .f(=3)
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THEOREM Let fEp[x] be an irreducible polynomial of degree 231.
Then p[x]/(f) is a finite field of order p" and characteristic p .

The field elements are the polynomials in p[x] of degree<.

EXAMPLE (finite field of order 4= 22) Here
, p=2 and =2

.

Let f(x) = x +x+ = 2[x]
·
Then f(o) = 1

,
f(i) = 1

, sof has no

roots in 2 .
Thus f is irreducible over 2.

So ,
F = 2[x]/(+) is a finite field of order 22=4 .

·The elements of F are 20, 1, , x+13. ([] is omitted
.)

· Example of addition : x+ (x+) = 2x+ =
1
.

· Example of multiplication : C. (x+1) =x+x = 1
.
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EXAMPLE (finite field of order 8 = 23) Here, p= 2 and n=3.

We need an irreducible polynomial of degree 3 over 2.

Candidates : , , , ch,+x),+x7 1,
3
+ +x

,
x+x+x+1

.

Try f(x) =>+x+ 1
.
Since f(o) = 1 and f(i)= 1

, f has no roots in 2
,

and thus no linear factors in 2x]. Thus, f is irreducible over 2
,

and F = 2[x]/(x+ + 1) is a finite field of order 23= 8 .

·The elements of F are o
,

1, , ,
2

,
x

,
x7+x

,
x=x+ 13.

· Example of addition : ()+(x+x+ 1) =
1
.

· Example of multiplication : (c) -(x+x+ 1)= x*+x =x?
· Example of inversion : = 1

, since
. (1) =x+ x =

1
.
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EXAMPLE (finite field of order 8 = 23) Here, p =2 and n=3.

f(x)= x+ +1 is irreducible over 2
,
and so

#= ]/(+x
=

+1) is a finite field of order 23=8 .

·The elements of F2 are [0, 1
,
x,+,s,+1

,
x+x

,
x+x+13

.

· Note that F, and F2 are not the same field.

eg. In , 1
,
whereas 1 in F2.

· However
,
F, and 2 are isomorphic (essentially the same).

Formally, there is a bijection 0 :F-> F2 such that

f(a+b) = 8(a) +p(b) and $(a-b) = (a) (b) a
,
bE Fi

.
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EXISTENCE AND UNIQUENESS OF FINITE FIELDS

FACT Let p be prime and >1. Then fired. poly. of degreen over p.

THEOREM There exists a finite field of order gift q=ph for
some prime p and integer > 1

.

FACT Any two finite fields of the same order are isomorphic.

·We will denote the finite field of order g by GF(q)
"the Galois Field of order q".

· In slides 44 and 45, we saw two ways of representing
the finite field GF(23) .



WE PROPERTIES OF FINITE FIELDS
-47-

THEOREM (Frosh's Dream) Let F be a finite field of characteristic p,
and let <

,
EF

. Then (2+)P
*

= P+ BP for all >1.

PROOF (m= 1) By the Binomial Theorem,
p- 1

(x+B(P = (P(BP += (1) <=P:+ (Pp)2
i= 1

Now , for <py ,
(P) P-2) ... (p- i+)

= O (mudp), since p1 . 2. 3.. -i

divides the numerator but not the denominator, and (!) is an integer.
Thus

, (P)<"B= 2
-
+ ... .. +<

=
BP = CHH ... . + 1 dippi =0 .

-

Hence
,
(2+B)P = <P+BP. (i) (P: )
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*
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DEFINITION The multiplicative group of GF(q) is GF(q)
*
=GF(q)[03·

NOTE: If GF(q) = p, then
this is

THEOREM Let LEGF(q)*. Then 29 = 1.
.

Fermat's Little Theorem .

PROOF Let the distinct elements of GF(q)
* be <1

,
22, ...

, q-1.

Consider the (nonzero) elements LL1
,
<22, . . .

.,<2q-1. These elements are

distinct because if Li =<2) for some ifj , then (d)= (E),
so di =dj , a contradiction.

Hence
,
Eddi

,
222,...,

[dq-13 = 2x1
,
22

, ....,
q-13

,
and so

(11) (222) - . . . (adq- 1) = 21 22... -

q
- 1 .

Cancelling gives 29 =
1
.

COROLLARY Let LEGF(q) .
Then2=2

.
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DEFINITION Let LEGF(q)*. The order of C
,
denoted ord(d)

,
is the

smallest positive integer t such that &t =1
.

THOREM Let LEGF(q7 *, ord(2 =E . Then <= 1 iff Els .

PROOF Let SE . Then long division of sbyt yields
5= lt+-,

where O< t
.

Now, 25 = <et++
= (x+) .2 =2

-

Hence ,
2= 1 > 21 v=0 Els.

COROLLARY Let LEGF(q)* Then ord(x)/(9-1).

EXAMPLE There is only one element in GFCq) of order 1 , namely =1
.
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· EXAMPLE Consider GF(23) =2 [x] /(33+ x+1)
-

The order of =H is 7.

·

EXAMPLE Consider GF(24) = 2 [x] /(c*c+ 1)
.

f() = x*+x+ 1 has no roots in 2
,
thus no linear factors .

Also, f(x) has no irreducible quadratic factors since (x+1) XF(x)
·

Hence
, f is irreducible over 2.

Find ord(x) in GF(24) .

SOLUTION We have ==x
,
x?,=,=x+,x=x+x

-

Thus
,
ord()* 1

,
3
,
5

. Since ord(x)/15, we must have ord()=15
.
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FACT Let <EGF(g)
*
with ord(27-t . Then the elements 20

,
21, 23 ...,
2

J
.

are distinct. In particular, if ord(2) =9-1 ,
then Ed0,<..

.,
292] =GFlq

*

DEFINITION A generator of GF(q)
*

is an element in GF(q) of orderg-1.

EXAMPLE =x is a generator of GF(24) *, where GF(24)= /ACCH)·
Let's verify that ord(x) = 15

.

x= 1 , e = x
,
e=x2, =x3,P = x+ , x= x = x

,
x=x+3

,

x7= x3+x+1
,
x=x+, x =x+x

,
x=x+x+1

,
x"=x3+x+x

,

=Ah, =x+3+ 1 ,
x =x3+1

,
x

*
= 1

.

THEOREM GF(q)
*
has a generator.

PROOF Omitted
.


