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V 9 LINEAR ALGEBRA REVIEW

· VECTOR SPACES (OVER FINITE FIELDS)

· MATRICES
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VECTOR SPACES

· Let F = GF(g).
· Un(F) = xF =f = [(x ,

x2
) ...., n) : xiEF] is an

M

n-dimensional vector space over F, where

addition is (x , 2, ..., xn) + (y) , ya, . .-

, yn) = (x+y), x2+yz,
. .

-

,
xn+yn),

and scalar multiplication is x .(,2, ... (n) = (XII
,
XX2, . . . ,

Xn)
.

· A subset CVn(F) is a vector subspace of Un(F) if :

(i) C is non-empty;
(ii) C is closed under addition: EC, YEC;
(iii) C is closed under scalar multiplication : EXEC, EF, X

:xEC
.

· Note : A vector subspace of Un(F) is also a vector space over
F.
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LINEAR INDEPENDENCE

· Let C be a rector space over F =GF(g), and let i ,
ve,...,

VREC.
· A linear combination of K ,

ve, ....,VR is a vector in C:

v= x ,k + x2v2 + ....+RVR
,
where XiEF.

· The span of EV, ra, .. .

.,
VR3 is Span(, ...,VR) = Exiv, +...- + XRVR : xieF]

.

Note : Span (v, ...,
VR) C.

· The vectors
,Va, ..., VR are linearly independent over F if the

only solution to X, Vi+Xa .... RVR =0 is x2
... . = Xk=0;

otherwise
,
the vectors are linearly dependent over

F.

· If K ,
va,...,

Ve are I
.
i

. over F
,
then / Span (V, . . .,Vr)) =

q↑;
otherwise

,
I Span(, ..., VR)/ qR.
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BASES AND DIMENSION

· Let C be a vector space over F =GF(g).
· A basis of C is a linearly independent set V, ve, . . .,

VR3C,
with Span (vi , ve

, ...,VR) = C.

· FACTS 1) C has a basis.

2) All bases of C have the same size,
called the dimension of C.

3) If dim(C) = R
,
then ICI = qR.

· Note : C = 203 is a o-dimensional vector space over F,

with basis &3.
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MATRICES
· Addition and Subtraction : Let A= [Aij] and B = [bij] be

mxn matrices over F. Then A+ B = [Aj +bij] and A-B = Caij-big].

· Multiplication : Let Amixn , and Bmxnz be matrices over F.

Then A. B is only defined if n,
= me

,
in which case AB has

dimensions
,
x 2 :

- -> - - - -

Ai Cij
-

bj
-

- - -

:m
,
x n, : mixn2L

B : 2x2
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EXAMPLE Let CEVn(F) be a vector space over F with basis

EV
,
Va, ...,

VR3
.

ThenCcan be defined by the RX matrix

VI

G =
Va a

:

-
Vr

-

Note that C = &[mi, ma,...,Mr] ·G : Smima,...,Mr] EV(F]
= Em

,
v, +mavat ... +MaVR : [m, ma

, ...
,
MR] EVR(F)]

= row space of G.



- 193-

RANK OF A MATRIX
· Let A be an mxn matrix over F.

· The row space of A is the vector subspace of UnCF) spanned

by the rows of A .
The row rank of A is the dimension of its row space.

· The column space of A is the vector subspace of Um(F) spanned by the

columns of A .
The column rank of A is the dimension of its column space.

· FACT : The row rank and column rank of A are equal,
and is called the rank of A.
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EXAMPLE Determine the dimension of the vector subspace (of Vs(s)
that is spanned by V = (3

,
0
,
2

,
3
,
1)
, Ve = (2 ,

1
,

3
,4,
0)

, V3
= (0,4

,
3
,

1
,
1)

,

and V = (2
,

1
,

1
,

2
,
2).

-

30231
-

SOLUTION 21340

Let G = O 4311
O

Then dim(c) = ranR(G)
.

-

21 122-4x5
Use elementary row operations to determine the Creduced) row

echelon form of G:
To 412

-

RIE2R1 R2E R2 -2 RI
>
21 340 , 7
O 43 R4- R4 RI
21 122

- -
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↓ 0 412 10412

R3= R3 - 4R2
O 10 2 I

>
O 102 I

O 431 I R4- R4-R2 O 0332

O I 303 00332

10 4 1 2

0 1 0 2 I
R4= R4 - R3

>I⑳ 0 33 2

0000 0

Hence rank(G) = 3
,

so dim (C) = 3.
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NULL SPACE AND INVERTIBILITY

· Let A be an mxn matrix over F.

· The null space of A is EXEVn(F) : Ax = 03.
· The null space of A is a vector subspace of Un(F);
its dimension is called the nollity of A.

· FACF ranR(A)+ nullity (A) = n.

· Let A be an uxn matrix over F
.

A is invertible (or non-singular) if there exists an mxn matrix B

over F with AB = BA = In ; we write B =A
.

· FACT A is invertible A has rank in det (A)+0.


