V9 Linear Alceera REview

“VECToR SPACES (OVER FINITE FLELDS)

- MATRICES

—(8%-



-~ (38—
VECTOR SPACES

‘Let F= GtF(cp.
C ValE) = FxFy--xF =F™ = { (2, Xa...., %) 2G6F] i an
-di mens tonal vgc'r(\:'ur space osver F, where
addition is (=, N 2 «’In)-l- (‘d(, Ya,-- gn) = (x\‘fgc) Xy, .-, xh"'gnz
anod scalar mu(HP[:’CaEIOV\ (S /\'Cx,,xa_,.-.)zy.)r— (?\x() AXa ..., AXn ),

* A subseb C S \h(F) is a veckor sobspace of \a(F) i§:
() C is non-empe‘b‘
(i) C is closed onder addibion: VDC,‘AGC, x—fyéC;
(i) C is closed vnder Scalar moltiplication: wxeC, vaeF, A-xeC.

* Nobe : A veckor Subspa.ce. 0{3 VnCF) is also a vector Space over T
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LINEAR TNDEPENDENCE

*[et C be a vector Space over F—':QF(C;,)) and lek Vi, va,.. Ve e C.
- A Jinear combinabion of W,va,.... .k i5 a vector in C:
V= AU+ DaVa 4+ - + AV, ohere AteF.

'.TV’\Q, Sef\ b{’ {V()Va).,-.)vkg 15 SFG.V\CV\).-.)VR>:{?\;V,-k-"—"f'}\k\/p'-/‘\&éF}.
Noke: Sean (v, ...,vk) € C.

“The vecters w,va,...,Vk are lineedy independent over E if the
onk/ solobion te AV, +AVat ~-+ARVR SO 1S ATAQ=---- = \=0;
dkherwise, the vectors are linearly dependent over F.

'TF viva,.. Ve ave 0. over F thea [SP""(V*J-“JV“‘)\ :i‘eﬁ'
otherwise, \ SF“" v, - ") Vi) \ <q'R‘
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RASES AND DIMENSION

.Le{: C be & vecbovr seace, ovesr F:G,F(?/')’
* A basis of C s a linearly indeperdent seb Ty, va,..,kf SC,
OS.CH'\ S(:G.Vl (\/t} Vs, —--)VR) = C.

"FACTS 1) C has a bass.
2) All bases of C hawe Ehe. same size, called the dimension of C.
3) 4F dm(C)=R, then \Cl=9gK

- Note C={oz is & 6-dimensional vector Space over v,
with basis $ 5.



MATRICES
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- Addibion_and Subtackion: Let A= [ay] and 8=Ibij] be

w¥n nateces over . Then A+ 8= [anrbcﬂ and A—B:-[_ac}—bc;_(.

: (V\ulﬁl'g?\icakfov\: Let AM\xﬂ\ and 6m,_>mz be matrices sver F.
Then A-B is only defined if M=wma, in which case AR has

dmensions ™ x Mg :
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EXAMPLE Let C S Va(F) be a veckor space over F with basis

Sv‘,va, ...)Vp?_ Then C can be defined by the Ry matri

G = — Va

— Y _

Note thet C = {Embm%---; mp]@l : [»m,)m;\),.-)mR] € Vk (Fﬁ
= {Y\G|V| My Vot -+ MV ! [YW\, Ma,..., mklévp (F)}
= +ow space of G
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RANK DE A MATRIX

* Leb A be an mxn matrix over F.
* The row space of- A 15 the vector subspace of Vin CF) Spanncd
by the rows of A. The row @nR of A s the dimension of ifs voo spac.
* The. column space of A is the vector subspace of- Vm(F) spanned by the
colomns of A. The colowmn yank of A 15 the dinension of its column space.
* FACT : The vow fank and coluomn vank of A are cqual,
and iS5 called Ehe +anR of A.
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EXAMPLE Debermine the dimension of the vector sobspace Cof \5(Z)

Ehat is spanned by w:(a,o,a,a, D, vaaca(!,%z;)o)) V3=COJ4/3,IJ 1),
ond Vie=(2,1,1,2,2)

3 o0 a@a 3 |7
SoLoTON &l 3 40
Let G=| o 4 311 |, Then dwm(C) = vanR(G)
._.;“ Lo Q;L_LQXS'

Use elementary vow operabions Eto debermine the (educed) +ow
echelon form of G:

R\ «<—3aR QQPRQ-QQ\\

A4

7
'91.\ <— R4-2R;
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NOUOLL SPACE AND TNVERTIB\L\TY

e LeE A be an mwn matriv over F.
* The null space of A is toxceVa(F) : AxT= og,
¢ The null space of A is a vector subsPa.ce. of- Vi (F))’
its dimension 15 called the nollity of A.
“ FACT  tanR(A)+ nollity (A) = M,

“ Llet A be an mxm wmatrix over £
A is invertible (or non-singular) if theve ewists an vwn watyit B
over F with AB= 6A=In5 we wribe 8=/—\“',

¢ EACT /A 15 nvectible < A has valR M < det(A) #O.




