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V? @ (Reed- Solomon Codes
o [ wented b\/ vainﬂ, Reed and Gustove Dolamon in 1960
DEFINLTION A Reed-Sslomen (RS) code
15 @ BCH code of length m over @\F(q)

whete N (q-1).
* NOTE Since CV'-EICW\Odﬂ), we have m=1.
s EXAMPLE Lokt 9, % and consider
GF(a?) = Za o1/ (o4 +oi41). Recall that
« 15 o genecator of GF(a4)¥, Lebpas’
Then o(d(ﬁ) =5, so 9516 n=5, m=l.
Let 9(0)= ,(cm{ g (x), meix), (Y\@’(x)g
= (x- @)(o¢-p*) (- %)

= o3 oMot 4 o 20c 4+ o>

S
7
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EXAMPLE (Contd)
» Then %Cﬂ is the canonical qenera.tor for a (5,3)-RS code C over GF(3*)
with S=4. Since ng(7<7)=Z\—, we have d(C)=4.

—

B LM 1 o],
2
o & o= & | |axs

* Consider the cede C’ obtained foon C by ree(acinca, each symbol
wodewords in C by its binavy rep resentobion.
2. (ot3, oo | 0) €7 (000! 0010 01VI 1000 0000).

*AGM fo+ C'is G =

P

* Tt s not difficole to see that C’ is clsed uvnder addibon and
scalar multrplication over Za. So, C’is a (0,8)-binary code.
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MORE GENERALLY....
+ Suppese nl(g-1), and let pe GIF(g) bean element of ovder M.
Thea M gt(x) = X-g* focall i.
*ARS code C of lengbh m over GF(q) with designed distance § is a
BCH code of length v over GxFC?',) with canonical genecator
g(z)= (c-g*)(oc-g2*1) (- g2*3) -+ (2= pX52) far some Q.
- Stoce deg(9)= §-1, we have w(g) < §, and so d(C) <8S.
By the BCH bound, dCC) > §. Hence, |[d(C)=S§.

* Stnce dim(C)=R= n-deg(g) =n-S+1, we have R=n-d+(, so|d=0-R¥|.
Now ,d £ 0-R+1 for any (n,R,d)-code. Thus, KS codes are opbimal in ¢he
sense Ehat, Sor aay §ixed N,R,q, with T\\C‘V'), they achieve maximom
distance o.meng all (0, R)—cades over GxFCg,).
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RS CoDES HAVE GosD (CvcLIC) BURST ERROR CoRRECTING CAPABILITY
e Lek C bea RS code of (ength m ever GF(a™) and designed distance §.
* Constder ¢ = (Gi,Ca,--,Ca)e C,and note that Ci€ G1F(a™).
Let e= Lld-D/al = [(n-k)/al.
" By writng each Ci as a binory vector of lengbh ¥, we can vicw

C s a binary vector of length mt.
< n+ >
c= C’ C)_ C3 CL‘ cse60 € Cn
&t—

* Now, if cis transmitted and a cyclic burst of length < \+(e-Nt bits
1s introduced, then at moest e GiF(@™) symbels of c are received
incorvectly . Thos, the veceived word can be deceded corvectly .
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THEOREM Let C be an (0,R)-RS code over GF(a*). Then C) bhe code

obtained by veplacing each symbol in codewords in C by iks 1~bit binary
tepresentation, is an (Wt RT)- bmary cede with cyclic burst eror
coreecking, capabiliby £= 1+ ((%F -0 v.

EXAMPLE Constder GiF(a®) = Za [«1/(o? +d“ tol’ta"+1), 50 9,=256.
Then =« has order m=255, Lek %(X) ﬂ(;_- ) Then %C-x) is

L=l
the comonical %enemtor for a (255 231,25)-RS code C over GF(a®)
with erx cocvecting capab;lity @=/3. The velated code C’is @
(2040, + 84 %)~ binary code with cyclic burst error cswec&mq, cagability E=83.
The code C, and othecs derived from iE, have been w\de(\/ de ployed
in emctice) mclud,ing, in CDs, DVDs, Blo- -ays, and AR codes.




V7b ALteriatve View of Nagrow-Sense RS CoDES

‘Let F=GiF(9), let o« be a generator of- @\FCO},)*) and let a< 8<9,.
Let 9(0= (oc=ot) (2-ot2) (oc-a23) -+ - (¢ ~ot 87Y).

Then g(x) is the canonical genecator for a BCH-code C over &F() of
length w=9-l, dimension R=n-§*r1, and distance d=8=n-R+.

C is a narron-sense R code,

DEFINITION Let £eFLx]. Then <(§)=(§0), £, §G@2),..., ¥(oc‘t“"‘)) ¢ Vi (F).

DEFINITION Lek D= 2¢c($) : feFral, deg(§)< k=13 S Vo (F).
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THEOREM (alternative view 6f RS codes) C=D

PROOF 1) D is avecbor space over . [execcise

2) cLaiM dim (D) = R.
PROOF OF cLAM [eb %,%eF'['XJ) dej(%)éh—‘, de%(g,)é%l.
Soppose c('»?)=c.(c3). Then §(«¢) = %(di) for 0%049-3, so
(§-9) (ott) =6 for osi<qra- Thes, §-9 is & polmomal of
degcee < R with >4t toots. Buk R<Q, (veall: Rad= "1')~
So, we most have f"g =0 , 56 §=9.
Tk follows thot | DI=gRk 30 di(D)=R. O
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PROOF (contd) R
3) Let’s prove that DESC. Lebc(8)eD, vhere $(x)= Z?ax"

Theq c(8)= (50D, 60, .-, $@¥?)) <> Cs () = Z-S'—Col‘):?c

Now, §or ecucht, l<(—, S-1, we ho.ue

Ce (af) = Z\( .Z;S'& d) Zﬂ ( .*‘ (j+¢) u) = is}s (iifj—%) )

i=°

Note thak O(J'Hr?ﬁl, since \iéi-bé R-1+$-1 =m-f, so Cs (a¥)=e.
Thos g(¥) | Cs(x), se <) eC. Hence DESC.
) Since dim () =dim(D) =R, we hawe C=D. O

R-t

. Enco&‘m% m=(mom,, ..., mp-DeF® 1 let §x) :ij 3. Then [m 2 c=c ().

=0
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V?c BerLEKAMP- WELCH T ECODING ALGoRIT HM
REcALL C= 1c(f) = (5(), £, .., $Ca""): §eFIx], deg(s) sh-1§.
Nn=4-1, d=n-k+, e=LM-RVal,
*Suppese c=C(§) is transmitbed aod + is veceived- Svppose bhak
d(v,c)=t<¢e. The objective is to determine C from +.

D o (.x_o(l.) A S
EFINITION [ek E(x) = [01“— } Let Q(x) :ECQQS}C;(),
ci#te NoTE : deq( &)< e+k-1.

oy
NOTE: E is wmenic and de%('é')'-'-e,

THEOREM For all o0sisn-i Efo(‘) =é(°‘.").
PROOF I C:#4, then E@) =6, so & EG@) =o=FEH).
I¢ ci=t, phen Ti=§(at), so T EGEY = $@ E(ed) = Q). O
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THEOREM et ECxX), QCx) € FLx] with:

(N E wentc, deg(E)=¢,

(ii) deg(®) se+k-, and

ti) Y E(at) SQa) for all o<ism-l.
Then Q(x)/E(x) = (X)/EBX) = Fx).

PROOF Lek RGx)= §(x) EC) - RE)EGD. Then oleg(R)=ac+k-1.
For all osin-,

R = (o) i) ~QW) E i) = 1 (et E(Y) -TLEGY) B () =0
Thus, R(X) has v rooks, Geyols... o™ Bot e= L-B)(a]< (wRH)/ja,
so AecaCR) £ 26 4R\ < (n-k+1)+ R-\ =M.

Hence, we mosk have R)=0, soe Q&) = é(x)_ =S, O
EC) E(a)
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BERLEKAMP-WELCH DECODING (1986) @ How tofind Eand Q7
INPUT: +=(Te, M, T2, ..., ¥a-0). A Linear Gdgebm!

. Find E, Qe FLxJ with E monic, deg(E)=e, | Thete are ae+R varrables,
deaca) getR-,and VLEGE) =QGi) Yosigw-l. | the coefficients of E and Q.
B ne such €,Q exist, then ﬁéec& + and STOP. |« Each condjbion 11 E(ett) =QY)

2. C’ompuée 5 @) = Qlx) /E). %2&\:13 one lineas ec}uaHon,
(4¢ EC)A Ox), then tefect 4 and SToP.) So there are 1 eguations.

3. Compute c=c($).

4 TIf dlr,c)se bhen veburn(c); else reject 1

RONNING TIME:  Sbep L + Shepd + Otepd + Step s = o),
On?) O®*) OCn*) O
The a\zwiﬁr\m s efficient ,le ?oﬁ(;}nbmfag Eime,
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EXAMPLE ‘4=, M=o, %=3, R=4, d=n-R+1= 7, e = Ll-R)/2]=3
«dis m%enem(:ov o\l Zu ’
od'=2, Pz, £>=8, ot4=5, off=lo, (€29, d¥=7, %23, ol=6," (.
C=1cs): $e2ulx], Olela(-?)f 3% is o (10, 4,7)-R3 code over 2 .
¢+ ENCODING Let w=(3,0,7,9) <> £(x) = 3+70c “+ 923,
Then v 2 c=c@)=(13,4,9, 10,5, ),3, 4,0, to).
* TRANSM(SSION  C is sent, »\‘=(%,A,g, 10,6,1,3,7, 1,10 IS teceived.
- DECODING; E(x)= Q°+G,x+azxz+:c3) Qie 2.
QCX) = be+ b2+ oo 4.4 g, bee .
Tc\‘e_ condiEions 11 E(o(o @,(o(") o‘b‘q) ‘d;e(d \o et;uatlo\ns
Lt % Get e oS0+ Tiolaa+ 1T oL?"' = betoltby + o2 byt 4ot b

I
t

~
7/



EXAMPLE (conb’d)
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* Solve bo get Go=3,4,56, 2236,

L] Gd G| a2 |E lbo b« [b2 s b4| bs | be
O8] S| V[ [ VLY |V |
VI141% 15 [wll|alalg |5 |ie ]9
Ao jo|o |6V [4]5]a(3 |l |&
3 [lo]3 |2 [65]1]|3|9(|[6]|4 |0 |3
L |68 |ZF |a|l]|5]|3 (4]q]L |5
st ol tlieft [tofl ¢ [to |}
6 [3[5 |t |9([t[A]4]3[5 ]| |9
Zz|F|5 |2 |3V |[#|5|a|2 |0 |4
3 (V3 |A |5 [3|a]|6|nu]) |3
Alo|5 | |4llle|d]7]alio]5

be:q) bi=%, b.=¢€, ngC)
bs=38, bs'—'-'é) b¢=a
e E(@) = o®4 ok €243,
- Q)= qxb+ ¢oby gty ¢x®
+6X*x 320449,
s QEYEG) = g+ 7% 3.
vc=(8,5,10,5,1,3,1,1,(0),
and d ()= 3.
Thes, w= (3,0,7,9).




