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V7a Reed-Solomon Codes
·Invented by Irving Reed and Gustave Solomon in 1960.

Codes
DEFINITION A Reedl-Solomon (RS) code

is a BCH code of length n over GF(g) Block codes
where n((q- 1).
· NOTE Since ql(modn) , we have m= 1. Linear codesa
· EXAMPLE Let q= 24 and consider CH Codes
GF(24) = [2[]/(24+x+1) . Recall that B

RS
& is a generator of GF(24)*. Let B=c? codes

Then ord (B) =5
, so q=16, n=5

,
m= 1.

Let g(x) = 1cm(mp() , mp2() ,mp(}
= (x - B)(x-B2)(x- B3)
= e +2"x+ 23x+c.

>
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EXAMPLE (ConEd)
· Then g(x) is the canonical generator for a (5, 2)-RS code CoverGF")

with S=4. Since w(g(x)) =4, we have d (D =4 .

-

· AGM for(is G= <" 10 .

<"I aXs
- -

· Consider the code C'obtained from C by replacing each symbol in
codewords in C by its binary representation.

eg .
(3

,
22

,
2"

,
1
,
07 >10001 0010 011110000000 .

· It is not difficult to see that C' is closed under addition and

scalar multiplication over &2 . So
,
C' is a 120, 8)- binary code.
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MORE GENERALLY....

· Suppose n/(q-1) , and let BeGF1g) be an element of order n.

Then Mpi(x) = X-Bi for all
i

.

· ARS code C of length n over GF(q) with designed distance S is a

BCH code of length n over GF(g) with canonical generator
g(x) = (x-Ba)(x- pa+1)(x- Ba+z) .... (x- Ba

+ 5- 2) for some a

· Since deg(g) = S-1 , we have w(g) S
,
and sod(C) S.

By the BCH bound , &(C) 8 . Hence,
d (D = S .

· Since dim(C) = R = n-deg(g) = n-S+ 1
,

we have R=n-d+ 1
,

so d =n-R+1.

Now
,
d = n-R+ 1 for any (n ,

R
,d)-code. Thus,

RS codes are optimal in the
sense that

, for any fixed n
,
R

,q with n/q-1), they achieve maximum
distance among all (nk)-codes over GF(g).
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RS CODES HAVE GOOD (CYCLIC) BURST ERROR CORRECTING CAPABILITY
· Let C be a RS code of length n over GF(22) and designed distance S .

· Consider c = (C
,
Ce

, ..., (n)eC ,
and note that CieGF(27) .

Let e = ((d- 1)(2) = L(n-R)/2)
.

·

By writing each Ci as a binary rector of length v
,

we can view

C as a binary vector of length no.

[ ev 2

= &23(4000000In
[r->

· Now
, if < is transmitted and a cyclic burst of length [1 + Ce -1) + bits

is introduced , then at most e GF(2") symbols of c are received

incorrectly. Thus , the received word can be decoded correctly.
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THEOREM Let C be an (n ,
R)-RS code over GF (2). Then C , the code

obtained by replacing each symbol in codewords in C by its vbit binary

representation ,
is an (hr, pr)-binary code with cyclic burst error

correcting capability E = 1 + (LE)-1)r .

EXAMPLE Consider GF(28) = [2[x]/(28+<" +c+c+ 1) , soq= 256
.

24

Then p= < has order n= 255
.
Let g(x)= M(x-Bi) .

Then g(x) is

i= 1

the canonical generator for a (255, 231 ,
25)-RS code Cover GF(28)

with error correcting capability e = 12. The related code C' is a

(2040, 1848) - binary code with cyclic burst error correcting capability t = 89
.

The code C
,
and others derived from it ,

have been widely deployed
in practice, including in CDS ,

DVDs
, Blu-rays, and QR codes .
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V=bALTERNATIVE VIEW of NARROW-SENSE RS CODES

· Let F= GF(q) ,
let a be a generator of GF(q)*, and let 289.

Let g(x) = (x -c)(x-(2)(x -(3) -... - (x -28- 1)
.

Then g(x) is the canonical generator for a BCH-code Cover GF(g) of
length n = q-1 ,

dimension R= n-St1 , and distance d=S= n-R+ 1 .

· C is a narrow-sense RS code.

DEFINITION Let fEF(ec] .
Then <(f) = (f(i) , f(d), f(x2).... , f((9)) EU (F) .

DEFINITION Let D = Sc(f) : feF(x] , deg(f)<R-13EVn(f) .
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THEOREM Calternative view of RS codes) C = D
.

PROOF 1) D is a rector space over F
.
[exercise]

2) CLAIM dim(D) = R.

PROOF OF CLAIM Letf ,geF(ec] , deg(f) [ R-1 , deg(g) [ R-1 .

Supposec(f) = c(g) .
Then f(xi) = g(di) for Ofiqa , so

(f-g)(di) =0 for Oxiq2 . Thus
, f-g is a polynomial of

degree [R-1 with >q-1 roots. But RCq (recall : R+d= q).

So
,

we most have f-g = 0
,

so f =

g.
It follows that ID) = qR,

so dim(D) = R.
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PROOF (contd)

3) Let's prove that D & C .
Let <(f)ED

,
where f(x)= ject

Then <(f) = (f(i)
,
f(x)

,
... ,
+ (aq

-2))6z()= (i) e

Now , for eacht , 12t =S-1 , we have
I

Cf(dt)==)
Note that Litt#1

,
Since ([j+t (k- 1 + S - 1 = n- 1

,
so Cf(t) = 0 .

Thus g(x)(Cf(ec) , so <(f) eC
.
Hence D &C.

4) Since dim(C) = dim(D) = R ,
we have C =D

.

· Encoding m = (mo
,
M, ...,
Mr-FR : Let f(x)=jeThenmc
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V7C BEBLEKAMP-WELCH DECODING ALGORITHM
RECALL C = Ga(f) = (f(1)

,
f(x)

, . . . . ,
f(qn-)) : feF[x]

, deg(f) <R-1 .

n= q
- 1

, d= n-k+ 1
, e = L(n-R)(2)

.

· Suppose c =(f) is transmitted and w is received . Suppose that

d(v
,
c) = Eee. The objective is to determine from r

.

1

DEFINITION Let EG)=M(x-di) Let &(x) = E(x) f(x)
.

oi-n- 1

↳Citi - NOTE : deg() e+R-1 .

NOTE : Eismonic and deg(E) = e
.

THEOREM For all dien-1E(i) = (i)
.

ProofIf Citri, then Elio ,
so riE(:) = o=(i)

·

If Ci = ri
, then Vi

= flail ,
so riE(i) = f(i)(i) = Eki)

·
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THEOREM Let EG
,
Q(c) eF[x] with :

(i) E monic, deg(E) = e
,

(ii) deg(Q) < e + R-1 , and

(iii) V: E(xi) =Q(xi) for all On-.

Then Q(x)/E(x) =(>/EG) = f(x) .

PROOF Let Rac = E(x)E(x) -Q()E() · Then deg(R)= 2e+R-1 .

For all Otin-1 ,

R(ai)= (i) E(i) -Q())E( :) = viE(cilE(i) -ViEkiE(Y =0
.

Thus
,
R(x) has n roots

,
1
,
6

,25 ....,
C"! But e = L(n-R)/2/< (n-R+D/2

,

so deg(R) (2e+ R - 1 < (n-R+ 1) + R - 1 = n
.

Hence
,

we must have R()=0
,sof
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BERLEKAMP-WELCH DECODING (1986) & How to find E and & ?

INPUT: v= (To
,
i

,
Ja, . . ..,

In-1)
. A Linear algebra !

1. Find E
,
QEF[x] with Emonic, deg(E)=e, ↑ · There are ze+R variables

,

deg(Q) < e +R-1
,
and JE(di) =Q(i) Foxin-1 .

the coefficients of E and Q .

If no such E,
Q exist

,
then reject r and STOP .

· Each condition &E(il =Q(Y

2. Compute f(x) =Q(x)/E()
. yields one linear equation,

(9f E(x)XQ(), then rejects and STOP.) So there are n equations.
3. Compute c =c(f) .

4. If d(r,ce then return(c) ; else reject ↓

RUNNING TIME : Step 1 + Step 2 + Step 3 + Step 4 = O(n3)
.

O(n3) OGn2) O(nz) O(n)

The algorithm is efficient ,
i

. ..e., polynomial time.
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EXAMPLE ·q= 11
,

n= 10
,

a= 2
,
R=4

,
d= n- R+ = 7

,
e = ((n-R)/2)= 3

.

·2 is a generator of * :

2= 2
,
2=4 ,

23=8 ,
24=5

,
6= 10

,
26 = 9

,
27-7

,
28= 3

,
296

,21 .

· C = Sc(f) : feXn[x] , deg(f) = 33 is a (10
,4,7)

- RS code over11 .

· ENCODING Let m = (3
,

0
,
7

,
9)> f(x) = 3+7x2+9x

.

Then m +zc =c(f) = (8
,4 ,

9
,

10
,
5

,
1
,

3
,

1
,

1
,
10)

.

· TRANSMISSION C is sent
,

v = (8
, 4, 10,6, 1

,31, 10) is received
· DECODING E(x) = 90 +9 ,x + 9233 + x3

,
die 11 .

Q(x) = bo+ b ,
x + b2x+....+ box ,

bit 11 .

The conditions VE(i) =Q( :)
,

0 = :9
, yield 10 equations :

I : Vi Got Vida +Mar+ric" = botdib +&"b2+ .... +28b.
u

t

2
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EXAMPLE (ConEd)

i do a , az t bob , be by by bs bo · Solve to get 90= 3
,
9176

, az=6,
088881111111 bo = a

,
b

=
= 7, be= 6

, bz =6

148 5 1012 4 8 5 10 9 b4 = 8 , b5 = 6
, b6 = 9

.

200001459314 ·Ex = e+6x+ 6x+ 3
.

31032518964103 · Q(x) = 9x+ (x+ 8x4+6

468721534915 + 6x2+ 7x+ 9
.

S 1 10 10 10 1 10 1 10I · Q(x)/E(x) = 9x3+75+ 3 .

6 35191943519 · c = (8
,
4

,
9

,
10,

5
,

1
,

3
,

1
,

1
,

10),
7752317523104 and d(r

,c)= 3.

8 139513954 13 ·Thus
,

m= (3,0
,7,9).

9 1058416379105


